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ABSTRACT

STINT is a program for the numerical solution of stiff systems of ordinary

differential equations, when the initial values are given. It is particularly

well suited for solution of stiff systems, wherein the Jacobian matrix has com-

plex eigenvalues near the imaginary axis. The program is based on a set of cy-

clic composite multistep methods of orders 1 thru 7.

 



. INTRODUCTION

The progeran STINT (STiff INTegrator) described herein is intended for ob-

taining—efficientliy and reliably—the numerical solution of a system of stiff

ordinary differential equations (ODE's) of the form

dy,
Il

_ o_

dt
u 0,5, 1 l,...,v (1.1)

with y,(t9) given. The system of equations (1.1) is usually expressed in the

mere compact, vector, notation

yit) = £(y(t),t), (1.2)

where y, y, and f are vectors of length v. Given the function £f and the initial

condition y(t)> STINT then computes a numerical solution of (1.2) on the inter-

val [este] by generating approximations y, to y(t) on a mesh t t, <t, So.
0 0°

< et, = t.- This mesh is selected automatically by the program, subject to being

overruled by the user. The selection process, for reasons of efficiency, has as

its objective maximization of the step-size hr = E1 41” E> while not intro-

ducing a single-step error greater than the user's pre-specified value.

Note: The code STINT is unsuitable for obtaining numerical solutions of

systems of retarded differential equations, stochastic differential equations,

and higher (than first) order differential equations. However, as is well

known, the last-mentioned system can be always reduced to a set of first order

ODE's, such as (1.2), to which STINT is applicable.

As test results attest to, STINT is suitable for numerical solution of a wide

class of systems of stiff ODE's. However, it is particularly well suited for

solution of stiff systems, wherein the Jacobian matrix f (zit) ,t) has complex

eigenvalues near the imaginary axis.
“

The motivation and importance of the problem of "stiffness" is discussed

in Section 2. The class of methods which form the basis for the numerical inte-

gration algorithm on which, in turn, the code STINT is basedis described in

Section 3. Section 4 is devoted to a discussion of the implementation of the

basic integration algorithm into the program code STINT. The usage of this

code for numerical solution of a typical "stiff'" problem is explained in Section

 



5. This section, which is to be viewed as the user manual portion of this docu-

ment, is printed on light blue paper. Suggestions, for converting the program

to solve other systems and for modifying it in order to further improve its ef-

ficiency for a certain class of problems, are outline in Section 6. Finally,

in Section 7, some performance data for the program are given. A complete

listing of the program is provided in the Appendix.

A casual user, who is not familiar with the problems of "stiffness", is

advised to read Section 2 before solving his problem with STINT. If he decides

to use STINT and just regard it as a "black box", it is sufficient to read Sec-

tion 5 where explanations for this type of use are given.

The person primarily concerned with installation of new programs, will

find the information in Section 6 useful. Lastly, the numerical analyst who

needs to understand the code and wants to make an attempt to improve it, will

find. the reading of Sections 2 thru 7, we hope, worth while. 



2. PROBLEM OF_"STIFFNESS"

Numerical solution of ordinary differential equations has been the subject

of a great deal of research, particularly in the past twenty years. While con-

siderable attention was given to the analysis as well as design of computational

methods which form the basis of any numerical integration program,it is fair

to say, that the most significant results were obtained in areas of reliability,

convenience, and accuracy of these programs. These achievements are due, in part,

to the availability of digital computers. Thus, a user, who is neither a numer-

ical analyst nora computer programmer, but who has access to a computer, can

solve a typical problem easily and cheaply. There exist, however, problems for

which finding numerical solutions takes an inordinate amount of time. A class

of such problems is known as "stiff". A typical stiff problem has a solution

which, in some regions, is very smooth and rigid—that is, stiff.

Consider the following scalar problem

Y
= £iylt),e) = alylt) - Plt)) + 5m,dt

with y(t,) given. It is easy to verify that the solution of (2.1) is

q(t-t,)
y(t) = (yity) - p(t,)) e + p(t).

Note: p(t) is the particular solution of (2.1).

If q
<< O0, the first part of the solution (2.2)—the transient part—will

soon become insignificant when compared to the second part—the steady-state

part. The typical integral curves i,e., solutions of (2.1), for different values

of t) and y(t,)> are shown in Figure 1. A common feature of all these curves is

that after some very rapid variation, they all fan-in, i.e., converge,to.a single

solution curve with which they become almost identical. When the particular solu-

tion is slowly varying, an additional property, that of inherent stability of the

differential equation is observed. To illustrate this property consider the pro-

pagation behavior of small errors introduced in the initial values. For inher-

ently stable systems, these errors will have negligible effect as far as the ex-

act (analytic) particular solution is concerned. This extremely good behavior

is, however, of no consequence, when the numerical integration process is con-

sidered.
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Figure 1. Typical Integral Curves of (2.1) for Different Values

of e) and y(t,)-

Since the exact (analytic) solution of many problems is often not known

or cannot be calculated, the solution to a different but, hopefully, closely

related problem which can be calculated is being sought. The replacement of

the analytically unsolvable problemby a related, solvable one and its subse-
quent solution constitutesthe numerical integration process. The replacement

of the original problem by a new one is usually accomplished by invoking the

principal of discretization. This principal has lead to the introduction of

many numerical integration methods. Take, for example, the most simple one,

the forward Euler method. When applied to a scalar equation, such as (2.1),

it is given by

where Yn = £(y_»t) and E+ = et + h. The local truncation error*, i.e., the

amount by which the exact solution of (2.1) does not satisfy (2.3), can be ex-

pressed as

n°y (e) + Oh’). (2.4)

Neglecting terms of order h>, the error-per-step e (specified by the user) will

not be exceeded during this step, if the step-size h is chosen such that

The names herein applied to the various error terms are those used in L.F.

Shampine and M. K. Gordon, "Local error and variable order Adams codes,"
Appl. Math. and Comp 1 (1975), 47-66.

*
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which, in view of (2.3), reduces to

rar, rg). (2.10)

Now, we do not want the error to grow during the step-by-step propagation;

iji= l1,2,... It is easily|< ll»
n+j n+j-1l ”

seen from (2.10) that this will be the case if and only if

in fact, it should diminish, i.e., |6

Ill +ngl < (2.11)

Remember that the error 1 was introduced in no specific (transient or steady-

state) region. Now, it will be that some errors will be present right from the

outset of the integration process. So, in order to prevent these errors from

growing, the inequality (2.11) has to be satisfied throughout the whole course

of the solution process. The problem of keeping the errors from growing is a

stability problem for a particular numerical integration method. While for most

ODE's accuracy is the requirement—i.e., constraints (2.7) and (2.8) are domin-

ant over (2.11)—for stiff problems, stability—i.e., constraint (2.11) —is para-

mount. This is, for instance, the case when q << 0.

Although the concept of stability was discussed in context of preventing

errors from growing, we can equivalently demand that the numerical solution of a

problem whose exact solution decays be also decaying. The simplestODE having

this property is the scalar equation

y(t) = qylt), (2.12)

where q is, in generai, complex witn nuegakf rea! part, To derive the stabil-

ity constraint, apply a particular numerical integration method with fixed step-

size h to (2.12) and demand that y.” Nas», All values X = gh in the

complex A-plane which satisfy the stability constraint thus obtained, define the

stability region of this method. Various measures of the stability regions were

recently introduced. Their main value is in helping to categorize different

numerical integration methods which, in turn, is useful in the selection of suit-

able methods for various classes of problens.

 



 
The stability as discussed above is admittedly a crude simplification of

the error propagation problem. However, for the most part it gives a useful

insight of the local behavior of the numerical method.

It shouldbe noted that any correctly implemented numerical integration

program detects numerical instability automatically and adjusts the step-size

so the stability constraints are satisfied. However, since such adjustments

are always downwards, the integration process is slowed down and becomes less

efficient than if no adjustments were required. For stiff problems solved by

the forward Euler method, this downward adjustment process, most active in per-

iods with a slowly varying solution, means a problem cannot be run to completion

in a reasonable number of steps.

|

One type of remedy by which to overcome the problems associated with stiff-

ness comes from using methods which have large stability regions. The simplest

such method is the backward Euler method, given as

Yor "Int Dar’ (2.13)

where ). Since the local truncation error of (2.13) is the
Ir“ Par ear

same as for (2.3), accuracy dictates that the step-sizes in the transient and

the steady-state regions satisfy the inequalities (2.7) and (2.8), respectively.

Studying the effects of stability leads to the stability constraint

I
l-hq

<1. (2.14)

Now, for any h positive and q complex with negative real part, it is easy to

show that (2.14) is always satisfied. This means that the step-size used with

the backward Euler method need be constrained only by accuracy requirements.

Thus, when the rapidly varying transients become quiescent, a step-size limited

by (2.8) not (2.7) may be used.

This important feature is bought for a price, however. This price is the

implicitness of (2.13) which is, in general, typical of all methods with good

stability properties. Although solving an implicit equation is admittedly a com-

plex task, the manyfold gain in overall efficiency of the integration process

makes paying this price worth while.

While the preceding discussion of the problem of stiffness has been confined

to the scalar case, more often than not we are faced with a task of solving a vec-

tor equation, such as (1.2). How can the concept of stiffness be extended to cover

this case is shown next.

EEE
|



The solution of (1.2) can be st." L‘ i it around a particular
solution g(t), i.e., by examining

er) = Ede) + El, - gr)

= £(gtd),t) x (y(t) - g(t)) + gt), (2.15)

where Ed) ,0 is the Jacobian evaluated along the particular solution g(t).
If we assume that the Jacobian varies slowly, it can be approximated by a con-

stant matrix J. If, moreover, its eigenvalues q, are all distinct, there exists

a similarity transformation such that the set of coupled equations

y(t) = Ilylt)- glt)) + &(t) (2.16)

is decoupled into a set of scalar equations, each one of which is in the form of

(2.1). While the accuracy constraints for both, the forward and the backward

Euler methods, allow the step-size to increase every time a transient component

becomes insignificant, the stability constraint (2.11) of the forward Euler meth-

od limits the step-size, throughout the whole range of integration, to a value

dependent on the largest (in magnitude) g,- On the other hand, since the stabil-

ity constraint of the backward Euler method is always satisfied, once a transient

looses significance, the step-size can be increased.

While only a few practical methods possess a stability property identical

to that of the backward Euler method, i.e., every point of the entire left half

complex A-plane (\=aqh) satisfies the stability constraint, there exist a host of

methods whose stability regions contain large portions of the left half A-plane.

Optimization of a particular stability region measure over a family of cyclic

composite methods has lead to a set of methods which form the basis of the pro-

gram STINT. However, before describing this particular set in detail, we devote

the last part of this section to discussion of where stiff problems generally

arise.

It has been observed that, typically, systems of stiff ODE's are encountered

when a physical process in one of the following areas are modeled: electrical

circuits and systems, chemical reactions, reactor kinetics, and various problems

of dynamics. In addition, stiff problems arise in the mathematical processes of

semi-discretization of partial differential equations and solutions of boundary

 



value problems via initial value problems. One way to detect stiffness in the

first four areas is from physical considerations, e.g., greatly differing time

constants, presence of large and small concentration change rates, etc. In gen-

eral, one suspects a problem as being stiff if its solution is known to be very

stable with the dependent variable changing significantly on widely different

scales of the independent variable. Stiffness can also be detected by other than

physical arguments: When a program not designed to handle stiff problems is

applied to such, it will appear very inefficient. For example, more than 100

steps are taken over an interval in which the solution changes by less than 12.

Practical experience shows that even with programs designed to handle stiff pro-

blems the solution is still relatively expensive. Thus, in general, the accuracy

requested should be closely related to the precision with which the fundamental

quantities of the model are known and for which the model is valid. 



3.1. THE COMPUTATIONAL METHOD

As was pointed out at the beginning of the preceeding section, the majority
of the computational methods for numerical solution of differential equations
are obtained by application of the principal of discretization. According to

this principal an approximate solution to a problemis sought not over a con-

tinuous interval but, rather, on a discrete set of points. We are thus seek-

ing a sequence of values Yn which are approximations to the theoretical solu-

tion y(t) at E A computational method supplies the means to generate such

a sequence. Since we are interested in a '"'good' approximation to the exact

solution, an acceptable computational method must result in a discrete solution
which is close to that of the problem whose solution is sought. This closeness

is often determined from analytical (and, in a few cases, geometrical) inter-

pretations of a particular computational method. The former often involves

Taylor series expansions and interpolation, while the later is based on graph-
ical observations. While the more simple computational methods (i.e., Euler

methods, Trapezoidal rule, explicit Runge-Kutta methods, to name a few) were so

interpreted, it was soon realized, that the resulting observations could be

generalized. This has lead to the introduction of, among others, the general
class of multistep methods. A linear k-step method may be written

1

) la ya;
7 Bis) = 9

= -k+l

where a, and ß, are constants, and Yari = f(y . tt...3 j -»ntj, n+j?
It was concluded in the previous section that to achieve efficient numer-

ical integration of stiff equations it is necessary to use methods with large

stability regions. Since this property is not shared by classical explicit and

most implicit methods, an extensive search began for new methods with superior
stability properties, as well as higher accuracies. Recently, a class of methods,
the composite multistep methods, was introduced. This class subsumes the class

of linear multistep methods in that, a member of the former class is composed of

one or more of the latter. A particular subclass of the class of composite mult-

step methods—the cyclic composite methods—forms the basis for the new set of

computational methods employed in the program STINT. The development of these

methods is described next.

Consider the differential equation (1.2) which is, for the reader's conven-

lence rewritten as
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y(t) = £(y(t),t), 29) given. (3.2)

Suppose that (3.2) possesses a unique solution y(t). Now, sett = et) + nh
|

2 n

(n = 0, 1, 2,...) and let y. denote the approximation of y(t,) defined for

n=ml+j
i

...,% andm=0, 1, 2,...) by the set of %& linear multistep

formulas

L
.

aRRr5

LE SA
. BR Yang] -0,i=- lest, BE

(3.3)

je -k+l

|

where Yn = £(y st )- This set, solved simultaneously for a block of solution

values ARE defines a composite multistep method.

Next consider the expression

|

%

L,[yCt 943) >h] = To, YlEng
= BB,JE 4) (3.4)

j= -k+1

i.e., the amount by which the exact solution y(t) fails to satisfy the i-th con-

stituent formula of (3.2). Under the assumption that y(t) possesses a convergent

Taylor series for te [t ]J, we can write (3.4) as

me-k+1, Oma+L

7... 3
L, Iytt a > Bl u 1Yi4J (E+i) h”,

|

4=0

L.

Yo” La,
ve -k+1l

OT (v - te, 1, i>o0. (3.6b)
L

1 a

Yij” Mer v- 13a, x
v= -k+tl

J

Let P, be the largest integer such that Yi4 =0 for j = 0,..., FE
where Yi; is

given by (3.6). If p = MIN, segtPib: then the composite multistep method (3.3)

is said to be of order p. Note: If a composite multistep method of order p is

used to integrate an equation whose solution is or can be expressed as a polynomial

of degree no greater than p, the numerical solution will be identical with the ex-

act solution, except for round-off errors. The order of the method can thus be

considered as the first (possibly crude) measure of its accuracy.

The composite multistep methods which satisfy the constraining relations
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Pezssiz (3.7)

4jj 0

By4= 0

are said to be cyclic. This subclass of the class of composite multistep methods
is important because the simultaneous solution of the set of formulas (3.3) can

now be carried out efficiently by solving the formulas cyclically—first, that

for i = 1; second, that for i= 2; and so on. Thus, the effort expended in solv-

ing for 2 solution values Yaß+l through VRR is no greater than that required
when using the same fixed-step multistep method 2 times. Yet, by using a cycle
of multistep formulas—not all the same, there is created the possibility for

stability properties superior to those corresponding to the "best" multistep me-

thods.
;

While each constituent formula of a general composite multistep method con-

tains 2(2 + k) parameters (i.e.,undetermined coefficients), the number of para-
meters in the i-th constituent formula of a cyclic method is, in lightof (3.7),
2(k + i). This number can be further reduced if we require each constituent formu-

la to be a k-step multistep method, in other words, if we demand that each formula

span only (k + 1) points. This will be the case, if the constraints

‘

00
k+i>j (3.8)

E = 0
| |

are satisfied. Then, there remain 2(k + 1) parameters to be further specified.
If we demand that, for accuracy, each of the constituent formulas be of order pP;

”

k, then in view of (3.6), (k + 1) additional constraints on the 2(k + 1) remaining

parameters will be imposed. Once these order constraints are satisfied, each con-

stituent formula will still contain (k + 1) parameters. These can be used to en-

hance the cyclic method's stability properties.
|

|

In our discussion of stability properties for a "good" stiff integration me-

thod we required, when such a method is applied to solve (1.2) with £(y(t) ,t) = qy,

that Y. >00 asn>® for every point \ = ah in some large region in the

left half of the complex A-plane. Now, when X + ®,a point which should be a part

of any large stability region, Y. might cease to decay, i.e., Iyar du! ? l as

\> ©», It can be shown, that to achieve Iy 4/9,| <p<lasA > it is sufficient

for the parameters Bi; of (3.3) to satisfy the following constraints:

 



(3.9)

When this constraint is satisfied, each constituent formula then contains
|

MIN{i, k + 1} parameters.‘ Since each formula canbe scaled—multiplied by a

constant— without effecting the order or stability of the method, one parameter

should be viewed as a scale factor. There then remain MIN{i - 1, k} arbitrary
parameters in the i-th constituent formula.

Before proceeding further with our description of the development of the

new set of methods, we recapitulate what has been done so far. We started from

% | |

a general composite multistep method and chose the coefficients «a and FE so

as to specify a method which has anumber of desirable oroperties, auch as! com-

putational ease (conditions (3.7) and (3.8)), accuracy (condition (.6)), and

error decay (condition (3.9)). The remaining undetermined coefficients were

used to accomplish the following task: Establish a set of cyclic methods which

through order six exhibits improved stability properties, order-by-order, over

the backward differentiation methods and which exhibits stiff stability pro-

perties at order(s) exceeding six. The chosen measure of goodness was the angle

a e(0, n/2], determining the set

Ss,” {zjang(-z)| <a,z #0},

such that for any complex constant hq 5 all solutions of the cyclic method

applied to solve (1.2) with £f(y(t) ,t) =

qy, tend to zero assn >®,

The search for these new methods was carried out in two stages. During the

first stage, a cyclic method of cycle length 2 whose each constituent formula

was of order k and whose coefficients satisfied conditions (3.8) and (3.9) was

synthesized. In the second stage, the stability property—as characterized by

the value of a—of the new cyclic composite method was numerically evaluated.

If the value of «a was found to be the largest achievable for those values of k

and 2 and superior to the corresponding value for k-th order backward differenti-
ation method, the search was halted. Otherwise, a new synthesis was—possibly

with a different %—was performed and % measured again.

The synthesizing process was as follows. First, a set of k + 1 linearly

independent multisteps methods, each of order k and whose coefficients satisfied

conditions (3.7) and (3.8), was determined. Then, for each i = 1,,.., %,a linear_-
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combination of these methods was formed to realize the i-th formula of the me-

thod. The value of 2 was kept as small as possible by doing the search with &

incremented by 1 from 2, until the maximized value of a exceeded that for the

backward differentiation method of the same order.

To illustrate this process, consider the k + 1 = 4 linearly independent

multistep methods at order k = 3, subject to (3.7) and (3.8), given as:

Fl: l8y” 2Yn+i-3 + Yati-2 .

-n+i-1l
r Uy Hi h6y +4

F2: Ynti-3
° Imti-2 Yari- * Hi

T

 lari- ”

F3: hey” 2y H-3
u Imti-2 6y+i-1 In+i »n+i-2

”

F4: (3.10)[U y _
h y

=

Uyr + 1Yn4i-2 til Yari Yn+i-3

From this "arsenal" of multistep formulas, the new cyclic composite method of

order 3was obtained as follows: Each constituent formula was obtained as a linear

combination of Fl through F4; thus,

C‚,.FI+cG,
i

.
‚11

1
F2 + C,,F3 + C,,F4 (3.11)

2 3 i4

Obviously, to satisfy (3.9) C; =0 for j>i. The value of a was otherwise max-

imized at £ = 3 with (i = ]) C = 1, with (i = 2) C,] = l and C

(1 = 3) Cz] = 1/3, C) = -2/3, and Cy3
method thus realized may be written as

22 =0, and with

= -2/3. The third order cyclic composite

- höy2-2 + 9ya- "7 18y 2
+ Uly ar+ me+1

-2 _ og:

Ya FT me las + Paar? h6y
+27

- 12y + 3y + 2y9 _ _

[}
_

®

=

Ima+1 mL+2 -mL+3
h( Ay +1 Ay R-+2 Ym2+?

Since the maximized angle a for (3.12) was found to be greater then that cor-

responding to the third order backward differentiation method, the cyclic method

(3.12) was accepted as the new third order method. The cyclic methods of orders

three through seven, derived in this fashion are presented in Table 1. Note,

that for orders p = 3 and 4 the new methods consists of three constituent formulas;

 



for p = 5, 6, and 7, each method consists of four constituent formulas. The

values of the angle a for the new methods as well as for the backward differenti-

ation methods are given in Table 2. The reason why the methods of orders 1 and

2 and their values of a are omitted from the Tables 1 and 2 is explained next.
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Table 1. Cyclic Methods: Values of coefficients.
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Table 2. Comparison of a-values.

The backward differentiation methods of orders 1 and 2 are, respectively,

"In + In+l hy +1 -0 (3.13)

In-1
” nt s © dns © 2 (3.14)

The value of a for both of these methods attains its maximum—a = n/2; therefore,

no further improvement in a can take place. Thus, the methods (3.13) and (3.14)

are taken to be—with 2£ = l1—the order 1 and order 2 composite cyclic methods,

respectively.

The better stability properties of the new cyclic methods over those of the

backward differentiation methods, as attested to by the greater value of a for

the former, should permit a numerical integration algorithm based on the cyclic

methods to increase the step-size more rapidly than an algorithm with a similar

structure which is based on the backward differentiation methods. As indicated

in Section /, the performance data do show improvements in efficiency for stiff

problems wherein the eigenvalues of the Jacobian matrix are complex and rela-

tively close to the imaginary axis.

Since the goal of the research which has lead to the new cyclic methods was

to develop methods with significantly superior stability properties over those

enjoyed by the backward differentiation methods,as measured by the angle a, the
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A detailed description of the four principle segments of the algörithm is

given in the following.

Solution Segment

Each constituent formula of a cyclic method is an implicit, vector algebraic

equation. lt is solved by a modified Newton method which is described next.

For each i, equation (3.15) may be written as

3... i-1
ii .

> .,y, .

m

. 0 .

— h
.oe. [lImi+i Ar. Ey ar msi ur.

} 0, Ya PERAUFERE
u ge KH

_— (3.16)

where the right hand side is a scaled sum of known quantities and, hence, con-

stant. Rewriting (3.16) as

Hy n+i)

B..
—- f(y .„„t .

or. Aml+i’ ma+i)
ii

(v) (v+1)
.

v
. . . .

and assuming that y ggg
Js an estimate of the solution, the next estimate Yam

obtained by the Newton method is

vH). _,rl Hy)
m+i

—

Imt+i VON Ynari) >’ 0, 1, Zyer,

with I being the unit matrix and I, being the Jacobian matrix of (3.1) evaluated

(v)
at Yar+i’ Im
may be a difficult as well as time consuming task. We may avoid such evaluations

-1 _ _

during all but the first iteration step by letting W,, = w = W 1 This leads to

the simplified Newton method which after substitution of (3.17) into (3.18), after

). Evaluation of J,—hence, of W anu, more importantly, of W, —
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re-arrangement of the resulting terms, and after dropping of the subscript ml+i,

yields

Bi u) ji (v) (v)
[I-h Fon J]ly =h Fu [£(y ‚t) - Jy ]I+c. (3.19)

ii ii
u

Now, replace v by v - 1 in (3.19); then subract this result from (3.19). After

re-arranging terms, we get

|

B.,
_

yrtD _ y + y !ney” ‚vo _ a‘ I),
ii

(v-1) (v)
_ vd),a? any,+2

Equation (3.20) defines a recurrence relation for ”, v=]1, 2,...; a similar

(v)
relation is easily shown to exist for d ‚ namely

alv+l) _ am + wiihey” ‚e) _ av). (3.21)

Observe, that the "correction" terms in (3.20) and £3.21) differ only by a scaling

factor B,,/a,,- Note also, that, by accumulating the correction term of (3.21)

during the iteration process, we are able to recover the starting values „9 and

a whenever desired.

The starting values for the recursion processes (3.20) and (3.21) respect-

(0) (0)
ively—the values y and Gi are obtained from the following expressions:

-m&+i

i-l

} 0, Yna+
%ij j= -kHi

(0) 1
=

- ——Ima+i
” ] (3.22)

*
. DB, Ima+

i-l

- hl
* *

ELIEREFELSERDANEREE(0) 1 * *
|

dat oo

R*

5

u ) ((a,,0; FERSERDANE®
%4°ji j= -KHi

(3.23)

mR+i gti
are linear sonbnaticne of re(0)

known quantities. Noreonor,
if yo4; Satisfles (3.16), then YaH mr

”

- -=
hy (0

; h£(y a4? Eng+i? hy Hi
Therefore, as yo), is the predicted

(0)
na g(®Note: The expresions for y
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) | | u |

ag
CAR be viewed as the predicted value of hyna" Br

ilarly, just as y+
is considered the v-th iterate for ymgpj>

59 100 can d.

value of of YarHi’ a0

be considered the v-th iterate for hy a+i°
For simplicity, the predictor formulas for yon .

are the same for each i;
-mil+i

i.e.,

*

=], 1
Dyeeey!

*
= Kim, 4-1

-k +i,...;,

predictor for Yo+l is required to be of order % and to have the

0) 1,8Imt+1 1j’matj ”

j= -ktl

hB” (3.25)10Yme°

* *
Under these„onditions the coefficients

21;
and 81; are completely specified.

flote that B7, = 0 if j #0.) Once they are known, they can be used together

with the eoetfieients of the k-th order cyclic composite method, to obtain the
(0) % %

nr
28 specified by (3.23). The coefficients 2; and Bo

for orders k = 1 thru 7 are given in Table 3.

The simplified Newton method described thus far requires one evaluation of

coefficients for d

the iteration matrix —W1 the inverse of the Jacobian matrix of the algebraic

equation (3.16) —per integration step. Since this evaluation requires very many

arithmetic operations for large systems, it is important to consider just how W

changes from one integration step to the next and then whether w might be evalu-

ated less often. We do this by observing the changes in its constitutents: (i)

J, the Jacobian matrix of the differential equations, (ii) h, the step-size, and

(iii) B,,/a.,>
l,...,% the step-size h is fixed and the changes in ß

the scale factor for the computational method in use. For i =

41/%4 are small. Assuming

the changes in J during these 9 steps are also small, the convergence properties

of the simplified Newton method will not be substantially effected, if the itera-

| tion matrix is evaluated only once mat the beginning of a block of % fixed step-

size integration steps, When block-to-Block changes in the iteration matrix are

considered, 1t has been observed that monitoring the variation in the factor

h Bu,/a, since the last evaluation of the iteraton matrix is of importance. Num-

erous observations of the changes in this factor and of those in the value of the

iteration matrix, together with various reported expe: ::nces, motivated a further
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relaxation of the criterion for evaluation of the iteration matrix. The new

criterion is: (i) for changes in h B,/a less Ehan 40% since the last evalu-
ation of the iteration matrix, no evaluation of W is performed, (ii) for changes
are between 40% and 80%, w is evaluated without a concurrent evaluation of J,
and (iii) for changes greater than 80%, both J and w. are evaluated. The sim-

plifed Newton method with the iteration matrix evaluation criterion so relaxed

is called the modified Newton method. Note: Since the variation in Bla,
‘

for 1 = 1,...,L is always less than 20%, for simplicity, the change in the value of |
h Bla is tested for only once in the block of fl) steps—at its beginning.

En

150 | _77
10 10

1260 |
_

609
60

(0)Table 3. Coefficients for the yme+l
predictor.

The test for convergence of the modified Newton method used for solving (3.16)

employs a look-ahead feature. Ler

;(v) 4m)ti ” | v"n£lyly), stml+i) dgl os

where wit is the 1teration matrix of the modified Newton method, where yneH and
2

ar) F

_ |

Ä

gi are, respectively, the v-th iterates for Int and hy g+i?
and where Il II,Jenotes a weighted RMS norm.
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Furthermore, let

(v)
A

1’ „(v-1)
mtl+i

c, = MAX{O.IC,_ },v>1, (3.27a)

be the modifiea convergence rate between the (v - 1)-st and v-th iterations.

Set

.—e_

where e is the pre-specified, per-step error tolerance, and p is the order of
the method. Now, convergence is assumed to have occured if

(v)
|5

gg
 MINL2ZC <BR (3.282)

Note: Co is tne last value of C from the previous step.
When (3.28) becomes satisfied, it is assumed that convergence has been or

would be achieved after the next iteration. In either case, the iteration pro-
cess is terminated. Note: Thelook-ahead feature as implemented assumes linear

convergence which is, for the modified Newton method, indeed the case. The fac-
tor 2 is applied to insure that on the next iteration, if performed, the in-

equality N) <e would be much more than satisfied. By not performing that
next: iteration the number of function evaluations is reduced. Note: The look
ahead feature is rendered somewhat conservative by allowing the convergence rate
to decrease by a factor of at most 9/10 on any one iteration. Furthermore, the
use of ß rather than e guarantees that the algebraic equations will be solved
to somewhat greater accuracy than just the pre-specified error tolerance.

Other heuristically established features of the solution segment are: No

more than three iterations of the modified Newton method are allowed. If cor-

vergence is not achieved by the completion of the third iteration, it is assumed.
that convergence will not occur. At this point, the iteration matrix is reeva-

luated, if it has not already been evaluated for the current block of steps, the
zero-th iterates „(D and a

„m2+i -m&+i
invoked again in an effort to establishe the solution value. If it has been pre-

are recovered, and the modified Newton method is

viously evaluated for the current block of steps, the step-size is decreased by
a factor of 3/10, provided it exceeds a least step-size, and the iteration matrix
(without the concurrent reevaluation of the Jacobian matrix of the differential
equations) is reevaluated. In the case that the step-size does not exceed a

least step-size, the order is reduced to two, if it is greater than two, and to

one, if it is equal to two. In all these cases, the solution process for the
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entire block is begun again. i[f the block cannot be repeated—the step-size

and order are as small as possible—then an exit from the algorithm, with an

appropriate indication, takes place.

There is no theoretical justification for the limit of three on the nun-

ber of iterations. However, test results indicate that: (i) if four or more

iterations are allowed, the number of times the convergence test has failed

is not appreciably less, and (ii) if no more than two iterations are permitted,

the number of times the convergence criterion is not satisfied is considerably

greater. The consequence is a significant increase—in the second case—in the

number of times the iteration matrix is reevaluated, and —in both cases—in

the number of function evaluations.

When the solution has converged, control is transfered to the error con-

trol segment which is described next.

Error, Control Segment

Whether or not the solution generated in the previous segment will be accept-

able to the user is determined in this segment. As this solution is only an ap-

proximation to the exact solution of the ODE (which, unfortunately, is not at our dis

posal), the need arises for an estimate of the error of this approximation.from

the approximate values available. Ideally, we would like to check on the qual-

ity of the approximation after every integration step. However, the necessary

solution values for obtaining an error estimate after the first steo in a block

of 2 steps are not always available. Thus, an error test is performed only

after the second and each subsequent step. There exist, then, two distinct

stages in the testing process. In the first stage we consider acceptance of

the solution after the second integration step. During the second stage, the

solution generated at each subsequent integration step is tested. The classical

concept of the local (stepwise) error is readily applicable to the second stage.

The appropriate concept for the first stage, that of blockwise local error,

is developed next.

Considerthe cyclic composite multistep method of order p and the local

initial value problem

&(t) = £(z(t),t)

 



By reference to (3.4), under the assumption that z(t) is sui.iciently. smooth,

it is found that

Pe nr amPr? (3.31)
etRey m’+i)i,p+1®

where the Y is given by (2.6b). Note: pP; rather than p should appear in

b p+l
(3.31), but the orders of the constituent formulas under consideration are all

equal; that is pP,” p for all i. Hence, for all i, the y do not depend
i,p+tl

upon 1.

|
.

The L,[z(t 943) >hl s can be catenated to yield

h] ae rt am*?], (3.32)” or +i

where y
+

j7 and ®% denotes the Kronecker product. As

„pt+l
” pH’ Yo,pHl

L,[z(t, 943) >$J is the local discretization error for the i-th constituent formula

of the composite multistep method, LIz(t 945) > hl is that, in a blockwise sense,

for the method as whole. Under the simplifying assumption that the stored values

Yn+j’ j=-k+1,...,0 coincide with the exact values z(E 947 of the local

initial value problem, the blockwise local error—i.e., the local error accrued

in stepping from t_ to En step - by - step—-is related to the blockwise

RL L+R

local discretization error as

8 De nr +omP*?], (3.33)

)eg):

with +1
-1 -1 4

= A where the matrix A is eiven as _ .

“ Fp+ ”
”

B A Ö
pri 
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Note: Although the ymR+}
and ZmR+j’ j = 1,...,2, appear in reverse order in

(3.33), the

veoror +1 follows conventional ordering. Now, to use (6(6 ® I)

de;ynPt ‚„
the principal part of the blockwise local discretization

ptl
ma+i?

by solution values which are available. The approximation chosen is vPt1l

error, for error estimation, it is necessary to approximate „HD er

7 ’aL+i
where the notation V"y, means the backward difference of order i formed from y,,

Yj° Note, pt x approximates yPHl, a) = z
(Pt) (ynP+l

m&+i
forImt+i

some Te[t ], an interval containing tm-p-1’ Ena+t m+i'
The first phase of the error estimation is as"follows: After the first two

integration steps, yPHymt+?
is evaluated.* (Note that the value of 1 is set to

2.) The solution values ymg
and

mtr?
obtained in the two steps are then ac-

cepted, if

| gp+l ö

>

y |
—

u EEE Ve
N)m+2 Nu

=

MAaX{S,41 denaa

|, denotes the same weighted RMS norm found in (3.26).

Next, consider the local initial value problem

z(t) = f(z (t),t)

ze +i-1) —

IAmt+i-1? Bel.

As before, if z(t) is sufficiently smooth

_
(ptl) p+t1 pt2,L, [z(t 943) > BJ u

Yi,p+1? (tmars + Ch (3.37)

Under the simplifying assumption that the values Yma+j’ forj=-k+i,..,i-l,

coincide with the exact values of z(t,+’ the local error in stepping from .

Enati- 0 Imr "°

|
|

|
Y.

N _ _
4,ptl _(ptl)

z(t 947) Ym+i a;
2 (t

+1 +2,mt+i? h" +Ofn

men
- —

|

For reasons, and by means explained in the subsection on the step-size and order

control segment, the cycle lengths of the order 1 and 2 methoas have been in-

creased from 1 to 3.
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gptlSITE ae is to be approximated by
As previously, z

with 1 = 1.

Yn+D in particular

The second phase of the error contrc] criterion is: For each of the remain-

and accept y
Y

ng-+i as the solution value, if
,

_

p+1
ing 2-2 steps evaluate V Vai

| | gptl

is satisfied.

The values 4/8
,_1,9#1

are displayed in Table 4.

DIEft; ‚ptl | |

14.781 |

al Ya pe TS 9.472 4.781 |

/aTable 4: Reciprocal values of the constants $

Yoy4
t-1,pt1’ Y3,p+1 33°

and Y4,p+l

If a Step is rejected— (3.34) or (3.39) is not satisfied—then the following,

heuristically established, procedures are followed: (i) if the error test has

failed fewer than three times, then the step-size is reduced, provided it exceeds

a least step-size. After the first error test failure, the new step-size is

determined in the step-size and order control segment. After the second error

test failure, the step-size is further reduced by a factor of 2. In both cases,

the iteration matrix is ordered to be evaluated without concurrent evaluation of

its constituent matrix J. When the step-size does not exeeed a least step-size,

the order is set to two, if it exceeds two; otherwise, it is set to one. In all

these cases, the entire cycle of %-steps is then repeated. If it cannot be re-

peated—the step-size equals its lower bound and the order equals one—then the

steps computed thus far are accepted and an appropriate indication to this effect

is given. (ii) After three successive error test failures, if the step-size

still exceeds a least step-size, it is further reduced by a factor of 10 and the

cycle is repeated under conditions essentially as on initial entry to the algor-

ithm; in fact, the numerical integration is restarted.

 



After all 2 steps have been completed—a block of 2% new solution values

accepted—it is necessary to establish the step-size and order to be used for

the next block. This is accomplished in the step-size and order control seg-

ment.

Step-size and Order Control Segment

In this segment a new step-size h and/or p for the next cycle or, in the

case that the error test failed, a step-size h for the repetition of the same

cycle are determined. The new step-size h and order p for the next cycle are

set as follows: For j e@= {p-1,p,p+1}n {1,...,7} compute

“

1
— E U 0 0}

.

r— N
. . —- | U 1] REP EEE +] 3, A)

| LÖR-1,j+1 me +R
-

where the constant In satisfies 0 < < 1, and where the value n_, is dis-

played in Table 5. (This value—a step-size limiter—is explained subsequently).
Let n=1oandp=p if MAX. _{n.} < 1.1, otherwise set n = MAX } and

p

n p=p je s n je0"4 p

4equal to the least index j such that N;
= n. Then, set h = nh.

In the event that the error test failed after the i-th itegration step (i =

2, 3,...,%), the step-size h for the repetition of the same cycle is givenby

Ö

1
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£ _—_

h — nn ———— mn]: l, i= 2. 4pp PT, |” (3.41a)
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where p is the order of the reiected cycle. Note: If ae
An were constant,

then a repeated cycle with the new step-size h given by (3.4la) or (3.41b) with

op
= ] would just satisfy the error test. As ae

AU is not usually constant,

a slightly smaller step-size is selected by setting the factor co pe° a value less

than unity. Similarly, consider the expression (3.40) for the new step-size h,
where, for the moment n_. is set to infiinity.

yprl pr were equal then th h dImatR- Yno+2+2 were equal Then the error test at the secon

integration step of the next cycle would just be satisfied.

en
u

re

m.

ne
an

If this step-size were used and

As these differences

are not usually constants, again,again,slightly smaller step-size is used. It has

been found that 94
= 1/L.2 for ! sl ardpe {l,...,7} is a good choice...
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Observe, also, that the step-size and/or the order are permitted to change

only if a step-size increase of not less than 10% is indicated. The rationale

is: A step-size change, as an increase, should be sufficient to justify the

considerable effort required to interpolate established solution values so as

to obtain the starting values for the next cycle on the new mesh which corresponds

to the new step-size.

As just noted, when a step-size change is indicated, the next set of start-

ing values—the past solution values—at the new mesh points must be obtained by

interpolation. To keep the interpolation errors reasonably small the following

condition has been imposed: The next set of starting solution values must cor-

respond to values lying within the interval [t ], that is, withint
m&-p+tl, m&+L

the interval containing all solution values needed for computation of the cycle

just accepted—the past values—as well as the solution values generated within

the cycle—the current values. This imposes the inequality

P-DDh<(@&+p- Dh (3.42)

which must be satisfied with the new step-size h. The largest h which satisfies

(3.42) is

ne An= 7... (3.43)
p-1 PP

The values of N are given in Table 5. They follow from (3.43) when the depend-

ency of 2 on p is taken into account. The value of 2 for p equal to one and two

is not the one specified previously; this is discussed next.

Table 5: Values of Bound no5 on Step-size Increase.
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As the step-size and order control procedure requires p + 3 = k + 3 solu-

j+l
mar

of steps with fixed h—must equal or exceed three (for methods of all orders,

tion values to evaluate Y with j = p +1, the cycle length 2—the number

including those of orders one and two), if the solution values are to be only

those associated with the current cycle. To satisfy this condition, the length
|

of the cycle for the methods of orders one and two was increased from one to three by
letting each constituent formula in these expanded cycles be the same as in (3.13)

and (3.14), respectively.

Since the stability properties indicated in Section 3.1 were predicted upon

a fixed step-size throughout the entire integration process, by varying the step-

size in the course of integration, we should expect these properties to change.

It has been observed that, even under a very mild variation of the step-size,
the stability properties of the backward differentiation methods deteriorate

rapidly—especially at high orders. Since it is felt that the same is true for

the cyclic composite multistep methods, entry to the step-size and order control

segment to determine the step-size and/or order for the next cycle is precluded

(1) if there was a convergence or error test failure which required a step-size

reduction during the current cycle, and (ii} every other successful cycle of or-

der four or higher.

Initialization Segment

The integration process is started at order one with given initial condi-

tions Yo> too and initial step-size h,. After evaluation of d) = hyo = h£lyosto)>0 0

the error control and the step-size and order control procedures, as previously des-

cribed, maintain the proper sequencing of events.

The realization of this basic integration algorithm as a computer program

is described in the next section. 



4. PROGRAM CODE REALIZATION

Since the integration algorithm's structure as described above is oriented

towards evaluation of a block of solution values, the algorithm is realized as

a subroutine program which can be called repeatedly to establish a numerical solu-

tion over the desired range of integration. After computing a block of 2 steps

with a fixed step-size h, control is returned to the user who may inspect the

solution and various internally established quantities to be used—unless altered—

when the subroutine is executed next time. We repeat: The user may ziter various

quantities and parameters as he sees fit before computing the “ext solution block.

While the need to repeatedly call the subroutine may become bothersome for the

casual user, especially, if he is interested in the solution values at only a re-

latively few points, the sophisticated user may greatly profit from the ability

to examine and possibly alter the course of the solution after each block. Since

it was assumed that the majority of users of this program would be of latter type,

only limited checks of input arguments as protection against accidental misuse of

the code were incorporated into the program code.

‘ The various segments of the integration algorithm as described in sub-section

3.2 were programmed in a straightforward mann«r, except, as noted in the following

paragraphs. (Each distinct/topic commences from ti mark Ü at the beginning of a

paragraph.)

B As the error control segment is dependent on the backward differences

Iae
APR „1 = 2,...,2, and as the step-size and order control segment is depend-

ent on the backward differences ar A j=-p,p+t1l,p + 2, it is advantageous

to store and work with the backward differences of the dependent variable in all

instances, except, in the case of equations (3.20) and (3.21). It ca: ‚e seen

from the form of these equations that it is simpler to work with the ordinate

values of the dependent variable. However, the defining expressions (3.22) and

(3.23) for the zero-th iterates Yard
terms of the backward differences Wy H-1

-

(0) (0)
ne

k=3,y can be expressed as

70) 1.2
+ 3hy

Ime+i
”

ImH-1
u U R+i-1

u 3’ Im+i-1 Zml+i-1l’

d

0
.

can be easily reformulated in

ji

=0, 1,...,k - 1. For example, for

i= 1, 2, 3,

2 1,5(0)
d m&l+i-1

+
2" Ime+i-1’

”
9

-m2+i “2 VYnR+i-l -1,2, (4.2a)b)
- 7,

 



‚0 -_2 +2hy + 2Ymar* 2 Ima+2°

In general, the k-th order zero-th iterate yo, formulated in terms of backward

differences can be expressed as

(0) ek) gi,Ynati  Imgri- Y NYaar + I j _ml+i-1°
Lelseresk.

(4.3)

However, a similar expression (with the coefficients Dre and BO given explicitiy) °F
of the k-th order zero-th iterate a(0

-m2+i

i

+h) ß

j=1

written as

(k)..
15 Imge+i-j> 3

(k) and oo,15
6, were pre-computed and stored in the array labeled B in the rogran, for which

N 2%. . lerGH
-1

does not exist. For this reason, the values of a
s

given in Table

82 double precision storage locations were allocated.

It is of interest to observe that should the i-th cyclic method be replaced

by a different one, but of the same order, only the coefficients determining the

(9 (0)
„m&+i mft+i

B When a change in the step-size and/or the order for a new cycle is indicated,

need to be changed. The zero-th iterate y remains as in (4.3).

a set of starting values for that cycle, corresponding to a mesh with the new step-

size h, must be established. By limiting the step-size increase to the value given

in Table 5, the new starting values are constrained to lie in the interval [t
m2+1-p’

where p is the old order. There are then £ + p - 1 solutian values, eachEnarel>
separated by the old step-size h, from which to choose p + 1 interpolation nodes

as a base for the p-th order interpolating polynomial. In order to keep the inter-

polation errors small, and for the sake of simplicity, two interpolation bases were

first h
ints , |

selected.The first one consists of the set of points {y
oa 5-1? Ymgrg-> 97

equivalently, the values „yarp3e l,...,p, while the second is composed of

the points {ymi-+1?Yard or equivalently, the values yon Designating by

ß the new order, the criterion for deciding which of these two bases to use is as

follows: if E
R+R-_:

= er” jh, j = 1,..., - lis such[tmare Enare-pbltngrgd> use}
the first base; otherwise, use the second base. The p - l new starting values are

obtained by evaluating

+ sVyIlmt1)8-3 °

Imarr-j
—

Im+r-1 matt 7

s(s+l), ... (stp-1) „pP
+

p! VOYRHR-1 ’ J=l,...‚Nandn<p-1

(4.5a)

f
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Table 6. The values of the coefficients a,

- MATT)MATT
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when using the first base, and by evaluating
 



X (mXHD)g-j
- DAN IRRE

”

Imi+1
r SYy nR-+1 re.

ATFTE,
the set of p starting values necessary for computing the (mtl)-st block of or-

formwhen using the second base, These values, together with YmXH1)e

der pP. Finally, this set is reformulated in terms of the yore ji=-0,1,...;

p - 1 backward differences. Observe that when p < p, the new starting values

are, at least locally, accurate up to the order p + 1 in h. Although this is

not true when p > p, the algorithm has been found, even in this case, to per-

form satisfactorily.
|

If it is decided that the block which is to be computed next, should use

the same step-size and order as used in the previous block, the starting values

for the next block are immediately available. In terms of backward differences,

p-1
ma+tR?"""?

V Ima+R

error test, the value VPy a+a
is also available. As will be shown in a subse-

these are the p values Yngtg’ vy Moreover, from the last

quent paragraph, this backward difference can be of practical value when inter-

polation following an error test failure is required. To distinguish between

the case when VyRH is available and when it is not, in the program, we

set the parameter IDEL = p+1l in the former case and IDEL = O in the latter.

Euhen the corrector converges, the backward differences at the new point

Yoar are obtained from the simple recursion

3-1
= 1,...,% and j = 1,...p.J

_

.

ll Imß+i Im+i-1?
(4.6)

Now, for the error test, yP must be established. As discussed above,
+

Imt+i

Wy. is not always available. Hence, the error test is performed only for

1 = 2,...,2, for which cases yerl
Yarti is easily found from

a

_

upV Iml+i-1°

 



The reciprocal values of the constants 8.1 D+1
for p = 1,...,7 which appear

B

in the error test (3.34) are stored in the array PERROR. Similarly, the recip-

rocal values of Y3, 041/933 and Ya, +1 [844° which appear in the error test

(3.39), together with the reciprocal values of Y p+1/% 7 p
and Ya, n+1/%2 are

stored in the array PC, The reason for adding the last mentioned values will

become clear when the convergence criterion is discussed subsequently in greater

detail.

HB When the error test fails for the first time, the step-size for the re-

petition of the entire cycle is determined in the step-size and order control

segment. Let
”

denote the starting values, on the mesh corresponding to the

step-size h, to be established and A the starting values established prior to

the error test failure. Note: These latter values were established by the p-th

order interpolation process, where p is the order of the last accepted block.

Now, if the step-size h corresponding to this block did not change—h = h and

D = p—the p + 1 values are available—each (at least) locally accurate to (error of) order

pPrl_ro determine the $-th order interpolating polynomial which interpolates the

D+ A

values on the new mesh with a step-size h accurate to order hP l
with p=D. The

new starting walues are derived from

=

Ya + VG + ET ne vP5mt’ j = l,...,D — l,me}
(4.8)

Together with NA)
= Ina’ these values are easily reformulated in the form of

backward differences viyme’ ji > np - 1.

Next, suppose that the order decreased from the one corresponding to the

last accepted block, that is, h> hand p =p - 1. The starting values had

been obtained (at least) locally accurate to order npt2 The new starting values

corresponding to the step-size h should be established with local accuracy to

order nPtlxz =), This would be possible if we were able to construct the f-th

order interpolating polynomial. However, since only $ solution points are avail-

able, we have to add the value hy, to this set so that an interpolating poly-

nomial of that order can be constructed. Similarly, whenh>handfß =p orp=p+l1l,

by adding the value hy, to the set of $ points, we can construct the f-th order

interpolating polynomial which interpolates the new starting values correspond-

ing to the step-size h to order pprl with 5 = f. 0Observe, however, that when
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= p + 1, the starting values corresponding to the step-size h are knownto be

locally accurate only to order np, Thus, there are rational reasons—however, not

supported by experience—to say: It would be inappropriate to interpolate for the

new starting values corresponding to the step-size h using an interpolating poly-

nomial of order higher than $ -1. It is easily seen that such a (8 -1)-st order

interpolating polynomial, such as (4.8), couldbe constructed using the$ starting

values which correspond to the step-size h.*

Having added the value hy, to the set of 5 starting points for these cases

having h #h, the $-th order interpolating polynomial (4.8) can be used after

establishing the f-th order backward difference as AR "That can be accomplished
with

|

$-1

m vg}. (4.9)
„PD Ä

ns
_’ Im r Bihy ng

)
m

v=1

One the difference y, is obtained from (4.9), it is stored and the program

variable IDEL is set to equal $ + 1. The values Ima-3? j = 1,..., 5 - l—obtained

from (4.8)—together with Ina = ar are then reformulated as the backward dif-

ferences vr. j=0, 1,...,D - 1, in order to ready the algorithm for the re-

petition of the cycle just rejected.

When the error test fails a second time, the step-size is further reduced

by a factor 1/2. However, having earlier stored the difference Vy ,,
the new

starting values corresponding to this step-size can be obtained by directly

evaluatinz (4.8).

U Evaluation of the equations (2.7!) und (3.21; is zeferred to, in the

program, as the correctcr iceration. As the values of 8,95 for all constitu-

ent formulas of the new set of methods are pre-computed and stored in the array

C, at the outset of the corrector iteration, the value of B.,/a,; coresponding
to the constituent formula in use is selected.. Furthermore, the storage loca-

tions for the accumulation of correction values are cleared. Then, the deriva-

tive—equivalently, the function—is evaluated by calling the subroutine DIFFIN.

Next,a check is made to determine whether an, if any, evaluation of the itera-

tion matrix was ordered. When the value of the parameter IWEVAL equals +1, evalua-

tion of the iteration matrix with a concurrent evaluation of the Jacobian matrix

J is indicated. If an anzlytic expression for the Jacobian is available, which

is indicated by setting the method flag MF to 1, a call to the subroutine PEDIRV

provides such an evaluation. If this expression is not available, indicated by

settingMF to 2, th: „as "iii Fe romputed numerically. This process requiresETET ME er

This course of action zan vu muieasd Leo iIrsertina che following line of code im-

mediatelv after card STWIA0S
in SINE.

Ss Iietire ir the Anvendix):
IFEND,GT.NOOLD) IDEL=NG
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5.  USAGE OF THE PROGRAM

To use the program STINT, the user must provide: (i) routines which define

the problem, that is, subroutines DIFFUN and PEDERV, (ii) other routines which are

called by the program, that is, subroutines DEC and SOL, and (iii) a calling pro-

gram which makes calls to the program STINT. The typical calling program must

set the initial solution values and parameters, include calls to the program

STINT, and provide the sought output. Although the program STINT is strictly

block-oriented—thatis, a block of solution values is computed at each call—

by the simple addition of an interpolation routine coupled with a few control

statements in the calling program, the whole program can be made to behave like

an interval-oriented integrator. Examples of both, blockwise as well as interval-

oriented integration, are given in the sub-section 5.2. In the following sub-

section general explanations regarding the usage of program STINTare given.

‚5.1 General Explanations

The program STINT integrates a set of N first order ordinary differential

equations. A block of three or four solution points, each separated by a step-

size H, is computed at each call. The program requires four routines which -

must be named: DIFFUN, PEDERV, DEC, and SOL. Their calling sequences and

functions are described below.

W Subroutine DIFFUN (N, T, Y, DY) evaluates the derivatives (the functions)

of the dependent variables Y(I), I=1, ... ,
Nat T and stores the results in

array DY.
j

|

8 Subroutine PEDERV (N, T, Y, RJ, NO) evaluates the partial derivative of

£(y(t),t) with respect to y (i.e., the Jacobian matrix) at t=T and y-Y. It must

form an array RJ containing the elements of that matrix according to

of,

RJ =
—

jt(k-1)xNd 9%,
Note: NÖ is the value of N on the first call. If the Jacobian matrix is ob-

1<j,k <N.

tained by differencing, a dummy version of PEDERV must be supplied. One such

dummy version could be

SUBROUTINE PEDERV (N, T, Y, RJ, NO)

RETURN

END
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Ü Subroutine DEG N, NO, A, IPIV, IER) performs an LU decomposition of the

matrix A, The pivots generated during the deeemposition are stored in the ar-

ray IPIV, If the decomposition Is suecessful, TIER should be set te 0, other=-

wise to +1.
|

DB Subroutines SOL (N, NO, A, B, IPIV) solves the linear algehraie system

Ax = b, where b = B and where the matrix A har been already prarensed by DEG,

The library routines required by the program are DFLOAT, DABS, PMINI, DMAXL,

DSQRT. |

The temporary storage space needed by the program must be provided by the user ja

the arrays IPIV, RJ, RW, and SAVE, The array IPIV holds a veeter of the same name.

The arrays RJ and RW are used to hold matrices ef the same names. The array BAVE

is partitioned as follows: |

Er

SAVE (J, I) 1<J<8,1x<Tx<N is used te save Y(T, J, 1) in ease a step
is rejeeted and, henee, the whele eyele has te be repeated,

SAVE (9, I) 1s I<N is used te save DY(I, 1) in ease a step is rejeeted,

and, hence, the whole eyele has te be repeated,

SAVE (N9 + I, 1) is used te store temporarily the derivatives as they are eomputed

during the selution iteration process, It is acreessed as a eoH-

plete array by SAVE (N9P1l, 1). In addition, it is used to held

the (NQ + 1)=-st backward difference for the error test. (N9 =

N % 9 and NI9PL = NI + 1),

SAVE (N10 + I, 1) is used to hold the ceorrection terms generated during the selu-

tion iteration process (NI1O = N * 10), |

SAVE (N11 + I,1) is used to hold the derivatives evaluated at Y(I) + y and T, where

y is the inerement used in the numerical differencing scheme in-

voked when MF = 2, (NIL=SN*1l).

SAVE (N12 + I, 1) is used to hold the derivatives evaluated at Y(I) and T in order to

obtain approximate values of the partial derivatives, (N12 = NO * 12),

The calling sequence to program STINT is as follows;

CALL STINT (N, T, Y, DY, SAVE,H, HNEXT, HMIN, HMAX, EPS,YMAX, KFLAG, KNEXT, JSTART,

MAXORD, RW, RJ, MF, IPIV),

The arguments in this sequence have the following meaning;

N=- the number of first order ordinary differential equations to be integrated,

It can be deeressed on subsequent calls if the number of active equations

decresses, with the first ones being those retained, But, it must not be Inereased
|

without setting JSTART = 0,

T- the independent varlable, On return to the calling program T correspeonds

to the value of the Independent variable for the most forward solution polat ob=-

tained thus fer, On the first call T should be set to the initial value sf

the independent variable.

 
u

u
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Y -anNx 8x 4 array containing the dependent variables and their backward differen

ces computed during the current cycle. On each call up to four solution

points are obtained. The most forward solution point ANNE n=0, 1, ...,

at the beginning and at the end of each cycle is in Y(I, 1, 1). The solution

point next to the most forward point is returned in Y(I, 1, KFLAG). The most

backward solution point in the new block is returned in Y(I, 1, 2). The

vector of the initial values Yo is to be supplied on the first eall at

Y(I, 1, 1), I=1, ...,
N. Y(CI, J+tl, K) contains the J-th backward difference

of the I-th dependent variable for K= |], ...:, KFLAG. If it is desired to

interpolate to non-mesh points, these values can be used as follows: If the

current step-size is H and the value needed is at T-E, 0 <[el<|#|, form

S = E/H and then compute

NO

Y(I)=) Y(I,J+1,K) * B(J),
J=0

where K, which corresponds to T, is the first mesh point beyond the point

T-E, and B(J +1) = B(J)* (I - S)/(J +1) with B(0) = 1.

DY - an Nx 4 array. DY(I, K), I< I<N, 1<K< KFLAG, contains for K=el, ...

KFLAG the computed derivative of the I-th dependent variable scaled by H.

SAVE-a block of a least 12 * N double precision floating point locations. 13

H - the step-size used for the block just completed.
_

HNEXT - the step-size for the next block. On the first call (JSTART=0) the

user must specify an initial step-size. A good estimate of its magni-

tude is given by 0.2*(EPS/ABS(&))**0.5, where & is the largest eigen-

value of the Jacobian matrix evaluated at the initial values of T and

Y. The sign of the initial HNEXT should be positive (negative) if

the final time is greater (less) than the initial time. If the ini-

tial step-size choice does not cause an error greater than EPS, in

the RMS NORM, it will be accepted; otherwise, its magnitude will be

decreased until an error less than EPS is achieved. The subroutine

automatically adjusts the step-size after the initial and subsequent

calls for the step-size of largest possible magnitude. The maenitude

may be adjusted down on any subsequent call. Note: Amagnitude ad-

justment up or a sign change will be ignored.

 HMIN -|m is the minimum step-size magnitude to be allowed for the next

integration cycle. (On the first call (JSTART=0),, |HMIN| should be chosen

significantly smaller than] HNExT| so as to avoid start-up problens if

the error criterion is not met with the user specified HNEXT.) Note: The

I
D

 



sign of HMIN is ignored. HMIN may be changed on subsequent calls.

| max] is the maximum step-size magnitude to be allowed for the next

integration cycle. Note: 1£ | mMAx| is less than|HMIN| , then the sub-

routine functions as though | umax]| equals Imm HMAX may be changed
4

on subsequent calls.

an estimate of the localdiscretization error, i.e., error committed on

taking a partial block or a single step with the method, starting with

stored data which are regarded as exact. This has to be distinguished
from the global or true error which is the error in any given computed
solution value as a result of the accumulation of local errors from all

steps taken to reach the given point. Sinceit is virtually always the

latter error the user wants to control, some experimentation on the user's

part is necessary to abtain a value of EPS which will essentially bound
|

the global error. It has been observed that EPS should be not larger than

10”, i.e., local accuracy of at least two significant digits should be

demanded.

an array of N locations. It determines the nature— mixture of relative and

absolute, unless altered by the user—of the error control. After each re-

turn to the calling program YMAX(I) contains the maximum of unity and each

rc, 1, K)|, K=1, ...,
KFLAG. On the first call, YMAX(I) should be

set to the maximum of unity and the magnitude of th I-th component of Io‘
a completion code. If KFLAG is greater than 0, then KFLAG points have

been computed. If KFLAG is -2, -3, or -4, than 2, 3 or 4 points, respectively,

have been computed with H = HMIN, but the requested error was not achieved.

Other values KFLAG can assume are as follows:

- The requested error was smaller than can be handled for this

problem.

Convergence could not be achieved for H > HIN.

- The maximum order specified was too large.

After the initial call (JSTART=0), the value of KNEXT is the number

of points to be computed during the next cycle. The value is supplied

or information only. The user cannot control the number of points by

setting KNEXT.

ar input indicator with the following meanings:

Q - initialization call.

#0 - ‚-ont.nue rom the last step.

On return JSi4&T is set to NQ, the maximum order of the backward

 



difference available in the Y array. This also corresponds,

to the order of the method used to compute the just completed

block of points.

the maximum order (1 < MAXORD *< 7) that may be used. Note:

If MAXFORD is reset between cycles to a value less than the

order determined for the next cycle, then the order may for

several cycles exceed MAXDORD. However, it cannot exceed the

above determined value and, once the order is less than or

equal to MAXORD, it cannot then exceed MAXORD.

a block of at least Nß**2 double precision floating point

locations, which contains an estimate of the Jacobian of

the differential equation.

a block of at least Nd**2 double precision floating point

locations.

a block of at least N® integers.

method flag. It determines the mode by which the partial derivatives

are obtained. The values which it can assume are:

1 - Analytic expressions for the partial derivatives are

supplied by the user in the subroutine PEDERV.

- The partial derivatives are obtained by numerical

differencing.

The storage locactions SAVE(N9P1,1) thru SAVE (N13, 1) are for local working

storage within STINT. (N9PlL = 9 * N+1, N13= 13% N) Hence, these 4*N storage

locations can be used, between the ‘return from STINT and a new call to it, for

other purposes.

Statistical quantities which may be useful in determining STINT's efficiency

for a particular problem are gathered in the common block STAT. Its contents are

as follows:

|

NSTEP cummulative number of successive steps taken so far.

NFE cummulative number of calls to the routine DIFFUN.

NJE cummulative number of Jacobian evaluations.

NINVS - cummulative number of LU decomposition.

Moreover, on return from STINT the varialbe H contains the value of step-size

successfully used for the last block, and the value of JSTART corresponds to the

corresponding order.

Prior to using the program STINT, the constant UROUND— the unit roundoff

of the machine— should be set*to conform to the particular machine which will

"see card STNT2200 in the listing of STINT.

 



execute this program. This unit is defined as the smallest positive number u

such that 1. + u #/ 1. on the machine.

5.2 Examples_of Use

Two examples showing how one might use the program STINT are given below.

For the first example, the end point of the integration is given and the

solution is computed and printed block-by-block, at whatever time points the

program finds convenient. On the other hand, for the second problemwe

give a set of specific time points at which we wish to compute:and print ;;
the solution.

Problem I

Consider the linear, mildly stiff system of ordinary differential equations

with constant coefficients

-5

-5

yle)=ay(t) = | 45.5 yo), yo) =

yy
>

44.5 | |
L_

whose solution is

sin t

cos t

1 1
-10t

y(t) = Ug(t) =7
e cos 90 t

-10t

e sin 9t
u

It can be readily verified that the eigenvalues of A are

1 ={+i, - 10 + 90 i}. The ratio max|a,17/ tnin, zo1%, 1)

often taken as a rough measure of stiffeness is seen to.be
” 90. Suppose we

wish to integrate from t, = 0 to t.
= 15 with 3 significant digits of local

accuracy (in an absolute sense for components that are smaller than one and

remain so and in a relative sense for all components bigger than one). Further-

more, because of the problem's simplicity, the Jacobian matrix will be supplied,

and, because there are large (in magnitude) complex eigenvalues near the imaginary
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axis and small (in magnitude) imaginary eigenvalues A: 5
the maximum order will

be limited to 4. It is desired to print all solution values, block-by-block,

on the mesh automatically selected by the program. (We will here also print

the global error for each component.) For statistical purposes, the order and

step-size used for each block as well as the number of steps, function evaluations,

and Jacobian evaluations required through the current block are to be printed

at the end of each block. The final error statistics and the accumulated number

of steps, function evaluations, Jacobian evaluations, and LU decompositions are to

be also provided,

The following calling program combined with the program STINT and its required

subroutines accomplishes the tasks set forth. 



C*

Chr +*

C*k

20

30 FORMAT( '1',10X,13H

l

2

1

h2)

if “

L4

EXAMPLE OF A CALLING PROGRAM FIR PROBLEM I.

48 Be:

*MAINNNG
PER KERKEMATNIOHE

* MATNOO3G
DOUBLE PRECISION YDDT, YI„ YMAX, YD, T, TF, TI, TT, HI, HMAX, HMINMAINOO&

y ale?
HNEXT

DIMENSION YDOTI{4,4), YIt4), YMAXL4),

RW{16), EROL4),„ ERORM(4),

COMMON /STAT/ NSTEP,NFE,NJE,NINVS

DATA LIN/5S/,.LOUT/6/

SAVE, RR)» RW, ERO, ERDRM, EPS, DMAX1,

Y014,8,4),
IPIV(4)

SAVE(52),

SET THE INPUT PARAMETERS :

PROBLEM IDENTIFIER

RJLt16),

NUMBER OF TIMES THE SAME PRIBLEM 1 SOLVEDWITH u.
DIFFERENT VALUE OF EPS 7
NUMBER OF DIFFERENTIAL EQUATIONS 10 RE SOLVED

THE INITIAL VALUES OF THE DEPENDENT VARTABLE

THE INITIAL VALUE OF THE INDEPENDENT VARIABLE

THE FINAL VALUE OF THE INDEPENDENT VARIABLE

THE INITIAL STEP-SIZE

THE MAXIMUM ORDER ALLOWED (1.GE.MAXORD.LE.7)

METHOD FLAG DETERMINING THE MODE OF THE JACOBIAN

MATRIX EVALUATION

USER'S SPECIFIED ERROR PER STEP

MAXORD

MF

EPS

READ(LIN,10I NP

READILIN,1O) NC

READ{LIN,10) N

FORMAT (I2)

READILIN,2O) (YItI),I=1,N)

READILIN,2O) TI, TF, HI

DO 1000 K=1,NC

READILIN,109 MAXORD

READILIN,10) MF

READILIN,2O) EPS

FORMAT (3022.15)

WRITEL(LOUT,30) NP, MAXORD, MF,.EPS
PROBLEM NO. ,12//

MAXIMUM ORDER

11X,18H METHOD FLAG ‚12//

11X,18H ERROR PER STEP = „D10.3////

SX,4HTIME,15X,29HS DLUT TION / ERR OD R,32X,

TH H-USED,3X, 5HORDER » 2X,6HHSTEPS,2X,SH#FE'!S,2X,

LIHFJACS/HLU"S//)

11X, 18H ‚12//

SET THE NORMALTZING VECTOR YMAX

CLEAR THE MAXIMUM ERROR ARRAY — ERDRM

DO 40 I=1,N

YMAX(TDI =

ERORM{I) =

DMAX1LDABS (YILIII,1L.DO)
0.00

+0 YOLI,1,1)=-YItD

THE FOLLOWING PARAMETERS ARE USED FOR STATISTICAL PURPOSES

NUMBER OF ACCEPTED STEPS

NUMBER OF FUNCTION EVALUATIINS

NUMBER OF JACOBIAN EVALUATINNS

NSTEP

NFE

NJE

Ed
®

DABS,MAINOOS
MAINCOAM
MAINOOTR
MAINOOAG
MATNOOAN
MAINN1OM

*MAINO1IM
*MAINO]2R
*MAINOL3E
*MAINN14
*MAINO1SS
*MAINOIS
*MAINOLTG
*MAINO1E

*MAINOL9
*MAINO2O
*MAINO21
*MAINO22M
*MAINO23
*MAINO24Smannozs
kMAINO2EN

MAIND2TO
MAINO280
MAINO2MN
MAINO300
MAINO31
MAINO32R
MAINO33L

MAINO?34!

MAIND35!

MAINO36(

MAINO3T!

MAINO3%M

MAINO39:

MAIND4N

MAINO4#!'

MAIND22:

MAINND4?

MAINO44

MAINO4S

#=MAIND46

*MAINN4T

*MAINI4B

*MAINN49I

MAINNSC

MAINOSI

MAINOS2

*MAINOS?

MAINOS4

*MAINNSE

$MAITNJSE

*MAINDSI

*MAINOSE
*MAINOS“‘

*MAINDI6L
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,

NINVS NUMBER OF LU DECHMPOSITIONS OF THF ITEPATION

NSTEP=O

NFE=O

NJE=O

NINVS=O

HMAX = TF - TI

T=TI

HNEXT=HI

HMIN=HI#F1.D-7

JSTART=O

SAVE, HN,

JSTART,

HNEXT, HMIN,

MAXCGRD, RW,
YD+ YDIT,

KFLAG, KNEXT,
50 CALL STINT (N, T»

1 YMAX,
RJ,

[*
| IF(KFLAG.GE.O) GO TO 2CO

I

WRITEILCUT,60) KFLAG

}: 60 FORMATL'-",20H COMPLETIGN CODE IS

GO TO 800

‚,14)

Ic+
16* OUTPUT THE

8 (*

{IKFLAG-1) SOLUTION PIINTS

200 DO 360 J=2,KFLAG

TT = T-HO*DFLOATIKFLAG+L-))

CALL ERROR(TT, YOlL1l,1,3)+ N, ERO)

WRITE(LOUT,320) TT, (YOLI,1,393,I=1,N), (

FORMAT( 4H T =,D11.4,%016.6/15X,4D15.6/)

DO 340 I=1,N

ERORM(IT)=DMAXL(ERIRMLTII ,DABSIERNLUTII))

CONTINUE

ERNEII,I=Sl,N)

DUTPUT THE MOST FORWARD SCLUTICN PNINT

YO, N, ERO)

{YDtIs1»1),1I=l,N);
CALL ERROR(T,

WRITEILGCUT,280) T,

1 NINVS,{ERNEI),T=1,N) „HNEXT
HD, JSTART,

HMAX,

NSTEP,

MATRIX

EPS,

MF,

NFE,

IPIVvD

._

*MAINN6LD

*MAINO62N

MAINNEZN

MAINNS4O

MAINDESD

MAINOS6O

*MAINDGTO

MAINND6BH

MAINO6s9O

MAINN7OO

MAINCT7IO

MAINDOT2GC

*"MAINDNT3D

MAINNT4N

MAINDTSO

*MAINN76N

MAIN?TTO

MAINN78O

MAINDT9O

MATNVBDOR

*MAINOBLD

*MAINNB2N

*MAINDOBE?3N

MAINOB4+I

MAINNESN

MAINOBAO

MAIN?BTO

MATINIBSBC

MAINN8E90

MAINI9OO

MAINDYILN

*MAINNDY2N

"MAINOYZN

*MAINDIY4U

MAING9Y5SD

NJE,MAINDIYAD
MAINDYTO

"380 FORMAT{ 4H T =,011.4,4016.6,D14.32, 2X, 14, 4X, 14, 3X, 14, 4X, 14, 2H /,14/ MAINIIBC

1 15X,4016.6,014.3/)

DO 400 I=1,N

ERORMLII=DMAXLIERORMIIISDABSLERNEL)))

IFÜLT-TFIKHNEXT.GT.0.D0) 69 TN 300

co TO 50.

T..
OF WHETHER OR NOT THE

PRINT DUT STATISTICS
REGARDLESS

COMPLETION,

WRITE(LOUT,810)

FORMAT('—',15HSOLUTION ERRORS)

WRITELLOUT,820) TERORM(I),I=1,N)

FCRMAT('!-',10X,23H MAXIMUM ABSOLUTF

DO 830 I=1,N

ERORMLI)=ERORMUL)/YMAXLI)

WRITEILOUT,840) 1ERORM(I),I=1,N)

FORMAT( '-',10X,23H MAXIMUM RELATIVE ERROR//11X,4D22.8)

WRITE(LOUT,850) NSTEP, NFE, NJE, NINVS

FORMATE '-',22H THE SOLUTION REQUIRED,IT5,6H STEPS/

23X,15,21H FUNCTION EVALUATIONS/

23X,15,21H JACOBIAN EVALUATIONS/

23X,15, 18H LU DECOMPISITIUNSI

ERRNOR//11X,4022.8)

PRIRLEM HAS BEEN SOLVED TD

MAINL9IYD

MAINILCOO

MAINIREIEG

MAINI1020

MAIN1TC3N

*MAINIDSC

*MAINILCST

*MAIN1LO6T

*»*MAININOTE

MAINIGBT

MAIN109

MAINI1N!

MAINII1L:

MAIN112!

MAIN113

MAIN114:

MAINI15I

MAIN1L1S:

MAINI17:

MAIN118

MAIN119

MAIN12D

 



1000 CONTINUE

sTorp

END
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| |

SURRTUTINE PIFFUN (N, T, Y, YDFPT)

DOURLF PRFCISIFEN Y,YNIT,T

DIMFNSICN Y{N), YNITIN)

YDOTt1)=-5.DO-TYELI+YE2))-45.9INRVE 3) HA. INDIRYL4)

YDOT(2)=-5.DF*(YtE1)+YL2))-44+.5N7#Y(03)+45.5N2eYa)

YCOT(3)=-45,5Nn0r+Y(1)+44,. 59r&Y(2)-5,N9=-LYL3)-Yl4))

YDOT (4) =-44,50C*YL 1) -+5.5NnIFYl2)+5.NDI LYL3)-VL4))

RETURN

END

SUBROUTINF PENERVIN, T, Y, P1,.ND

DEURLF PrRFCISICN PD,T,Y,?]

ETMENSICN POLA,AY,PLELSI,YEND)

DC 19% I=1,2

DN 10 J=1,2

PNt1,3)=-5.D2

DC 20 M=1]1,?2

PNL2+M,2+M)=-5.N01:

PCr(1,3)=-45.5N:

PNI1,4)=44.5D0

PCr(2,3)=-44,5Nr

P0I2,4)=45.5n0

POL3,1)=-PN1t2,4)

P0(3,2)=PO11,4)

PC(3,4)=5.00

PN(4,1)=PC(2,3)

P0t4,2)=PO0(1,3)
Pr (4,3)=-POl3,4)

DO 302 121,4

DO 3N J=1,4

PILJ+LI-1IF4)=PRLI,T)

RFTURN

END

SUBRMWUTINF FRRFRITN, Y5,N. FRI

DOURLEF PRECISICN TO, Vo, FEN, TEMP, Als W225, WR, WA, NDSIN, SFEPS

DOUBLE PRFCISIEN DIFXP?

DIMFENSICN YPIND,. FROLN)

W1=DSINETN)*5.N-1

W?=DETS(TO)%5.0D-1

EROL1)=-Wl+W?

ERD(2)= WI-W2

EROL3)= Wl+W2

EFRN(A)= WI+W2

IFITO.GE.1.5D1) 60 T5 19

W3=TFEMPXNENSII.DI*TN)

W4A=TEMP*DSTN(9.N01*TN)

EROLLI=SFROL1) +W3+WA

EFROL2I=SFROL2I +W3+WA

EROD(L3I=SEPOL23)-W3+HWA

FROLA)=FROL4) +W3-W4

DC 20 I=-1,N
ERNEII)=SERCEI)-YEID)

RFTUPN

END
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Problem II

Consider the linear, time-varying, system of ordinary differential equa-

tions

-100-sint, -1000, 0]
1000, -100-sint, 0, 218=
_

0, 0,4

y(ty) =

yy
® = 12 + 28, 4 - 2e, 4 + el\,

whose solution is [e100t+ cost. 1000t

„100t+ cost, 1000t.
|

g(t) = Vg(t), where g(t) =

u
-t

= +
l1+t

The eigenvalues of the Jacobian matrix are seen to be \,(t) = {-1, -(100 + sin t)+

1000}. The stiffness ratio is roughly 10°. We wish to integrate from et) = 0

to t, = 100 with 3 significant digits of local accuracy as in Problem 1. The

Jacobian matrix is to be obtained by numerical differencing and, because there

are large (in magnitude) complex eigenvalues \,t) near the imaginary axis, the

maximum order is to be limited to 4. Furthermore, solution values are to be

printed at the set of points J = f100/2*, k = 0, 1,...,20}. Also to be printed

are the global error at the output points. and the statistics of step-size and

order and of the number of steps, function evaluations, Jacobian evaluations, and LU

decompositions needed for integration up to the specified output point.

The following calling program combined with the program STINT and its re-

quired subroutines yields the desired outputs. 
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c* MAIN
Crurrcc% EXAMPLE NF A CALLINS PROGRAM FOR PROPRLFM 1] MAN
c* *MAIN{

DOUBLE PRECISION YDOT, YI„ YMAX, YOUT, YO, Tr TF, TI» TOUT, TOUTP,MAINI
1 TS, HI„ HMAX, HMIN, HD, SAVE, RR), Ru, ERO, ERGRM,MAINC
2 EPS, Ds Sr DABS, DFLOAT, DMAX1, HNEXT MAINT

DIMENSION YDOT(3,4), YIL3), YMAX(3), YIUTL3), YIE3,8,4), SAVEL3Y),MAINC
1 RILYI. RWL9), ERDOL 3), ERORM(3), IPIV{3) MAINL

COMMON /STAT/ NSTEP,NFE,NJE,NINVS MAINT
DATA LIN/5/,LOUT/6/ MAIN

*MAINC

*MAINC

*MAINT

SET THE INPUT PARAMETERS :

NP

NC

PROBLEM IDENTIFIER
NUMRER OF TIMES THE SAME PRNBLEM IS SOLVED WITH
DIFFERENT VALUE OF EPS .

THE NUMBER OF GEOMETRICALLY SPACED PRINTED CUTPUT
POINTS FRGM TI THRIUGH TF

NUMBER OF NIFFERENTIAL FQUATIONS TO BE SOLVED
THE INITIAL VALUES OF THE DEPENDENT VARIARLE
THE INITIAL VALUE OF THE INDEPENDENT VARIABLE
THFE FINAL VALUE OF THE INDEPENDENT VARIABLE
THE INITIAL STEP-SIZE
THE MAXIMUM ORDER ALLNWED (1.GE.MAXORD.LE.7)
METHOD FLAG DETERMINING THE MODE OF THE JACOBIAN

*MAINC

*MAINC

*MAING
*MAINC

*MAING

*MAINC

*MAINO

*MAINN

*MAINC

*MAINO

*MAINO

*MAINO
MATRIX EVALUATION
USER'S SPECIFIED ERROR PER STEP

*MAINN

*MAIND

*MAINO
READILIN,10) NP MAINO
READILIN,10) NC MAINDO
READILIN,10) IOP

. MAIND
READILIN,1LO)I N MAINO
FORMAT (12) MAINO
READILIN,2O)I (YILTI),I=z1+.N) MAING
READ{LIN,2O) TI, TF, HI MAINND
DC 1900 K=1,NC |

MAINO
READILIN,10) MAXORD MAIND
READ{ILIN,L19I MF

|
MAINO

READILIN,2O) EPS
|

MAINO
20 FORMAT (3D22.15) MAINDO

WRITELLOUT,30) NP, MAXORD, MF, EPS MAIND
30 FORMAT{'1'!,„10X,13H PRDBLEM ND. »12// MAIND

11X,18H MAXIMUM ORDER = ,12// MAINND

11X,18H METHOD FLAG = ,129/ MAINN

11X,18H ERROR PER STEP = „D10.3///)/ MAINO

5SX,4HTIME,15X,29HS OLUT TION / ER RO R,32X, MAINO
TH H-USED,3X, 5SHORDER, 2X,6HHSTEPS,2X,SHÄAFE!S,2X, MAIND
1IH#JACS/HLU'S/Y) MAINO

*MAIND

=*MAINO

*MAIND

*MAINND
DO 40 I=1,N MAINO

YMAX{1I) = DMAXLLIDABS (YI(I)), 1.00)
|

MAINO

ERORMII) = 0.00
|

MAINN

*MAINO

40 YOLI,1l,1)=YItD MAINO

*MAINND

THE FOLLGWING PARAMETERS ARE USED FHR STATISTICAL PURPOSES © X*MAIND

*MAINO

SET THE NORMALIZING VECTOR YMAX

CLEAR THE MAXIMUM ZRROR ARRAY - ERURM 



NSTEP

NFE

NUMRER OF

NUMBER OF

ALCEPTED STEPS

FUNCTION EVALUATINNS

Kr
De

vr

Bu

vr

Be

 ;

de

Zu

Zu

Zu

vv:

NJE NUMBFR OF JACIBIAN EVALUATIONS

NINVS

NSTEP=O

NFE=O

NJE=O

NINVS=O

SET THE INDFPENDENT VARTABLE FOR THE FIRST JUTPUT POINT AT

TOUT. THE VALUE IF THE INDEPENDENT VARIABLE FOR THE LAST

OUTPUT POINT IS AT TOUTP. SET THE MAXTMUM STZP-SIZE HMAX TO

EQUAL THE DISTANCE BETWEEN THE NEXT AND THE LAST NUTPUT

POINTS MULTIPLIED BY 10.
j

TOUT =TI+I TF-T1)/2.D0O**IOP

TCUTP =TI |

HMAX =(TOUT-TOUTPI*1.HD1

T=TI

HNEXT=HI

HMIN=HI*1.D-7

JSTART=O

50 CALL STINT IN, Ts» YO, YDIT, SAVE, HO, HNEXT, HMIN, HMAX, EPS,

YMAX, KFLAG, KNEXT, JSTART» MAXORD, Rus RJ» MF, IPIV)

IFIKFLAG.GE.O) GO T9 290

WRITELLOUT,6Q0) KFLAG

FORMAT('!-',20H CIMPLETION CODE IS ,„I4)

GC TO 8C0

CHECK WHETHER DONE IF THZ NEWLY CHMPUTEN SOLHTION POINTS

REACHED BEYOND THE NUTPUT PNINT CORRESPENDING TO TCUT,

KFPl = KFLAG + 1

IND = KFLAG + 3

DO 3N0 I=1,KFPl

IND = IND - 1

TS = TOUT-T+H9*DFLOATLI-])I

IF (TS.LT.0.00) GO TD 300

IF (I-2) 50, 4)0, 429

CONT INUE

THE NEWLY CCMPUTED SOLUTION POINTS REACHED 3EYUND TAUT,

THE OUTPUT VALUE AT TOUT IS OBTAINED BY INTERPOLATION WITH

BACKWARD DIFFERENCES CORRESPINDING TO THE COMPUTED PNTINT

YO{I,J, IND), J=1, .. e,NN.

IND = 1

S = (TS-HO)/HO

DO 440 I=1,N

D = 1.DO

YCUTLI) = YOLI,L1,IND)

DD 440 J=1, JSTART

D = D*IS+DFLODATLJI-LII/DFLIAT(I)
YCUT(1) = YOUTLETI+DRYOLL,J+L,IND)

PRINT OUT THE VALUF (TOUT,YOUT) „ THE ABSOLUTE ERPOR, AND

STATISTICS. DETERMINE THE MAXIMUM ERROR CCMMITTFD SO FAR,

NUMRER DF LU DFCOMPISITIDNS 9° THE ITERATICN MATRIX

57

XMAINO6ALO

xMAINDS20O

*MAINDE3D

*MAINOA4D

#MAINN6S5N

MAINDS60

MAINI6TO

MAINO68BO

MAINN690

*MAINGTOO

"MAINDTIN

*MAIND72N

*MAINO73QO

*MAINN74D

*MAINDTSO

*MAINO760

MAINDTTN

MAINOD?T3O

MAINN79D

MAINNBNN

MAINDEIN

HAINYB2G

MAINJE3N

*MAINT)E4LD

MAIND8SS0O

MAIN:86

*MAINDORTN

MAINI8SBG

MAINOISIL

MAINN9IHIO

MAINNY1L?

*MAINOSGZN

*MATNI939

*MAINNI4O

*MAINE95N

MATNGO6SC

MAINIITG

MAINDSBN

MAINCYYN

MATN]DNG

MAINIOI1LC

MAININ2N2

MAIN1D32

*MAINLO4O

x*MAIN1LCST

2MAIN]NDS0

*MAINILOTO

*MAINICB2

*MAIN1OIO

MAINIL1INC

MAINI11P

MAIN1126

MAIN1L13%

MAINL14D

MAIN1150

MAIN116C

MAIN1L170

*MAIN1180

*MAIN119D

*MAINL2OGC

 



CALL ERRORLTOUT, YOUT, N, ERCI
WRITELLOUT,5CO) TOUT, (YOUTETI),I=1,N), H9, JSTART, NSTEP, NFE,

l NJE, NINVS, (ERDE), I=1,N)
500 FORMAT( 4H T =,011.4,3016.6,16X,D14.3,2X, 14, 4X, 14, 3X, 14,4X , 14, 2H

1 „14/15X,3D16.6/)
DO 520 I=1,N

“N ERORMETI)=DMAXL(DABSIEROLTDII),ERORMLTI)

SET THE NEW OUTPUT POINT AND CHECK WHETHER ITS VALUE
OBTAINED BY INTERPNLATINN USING THE NEHWLY COMPUTED BLOCK OF
SOLUTION POINTS. IF NOT, SET NEW VALUE OF HMAX.

TOUTP = TOUT
TOUT = TI+LTOUT-TI)*2.DO
IF(LTOUT-TF)*HNEXT.GT.0O.DO) CD TO 809

HMAX = {TOUT-TOUTP)*1.DL
GC TO 50

REGARDLESS OF WHETHER OR NOT THE PRIBLEM HAS BEEN SOLVED
CCMPLETION, PRINT UT STATISTICS

WRITEILOUT,810)
FORMAT('-' , 15HSOLUTICN ERRORS)I

WRITEILOUT,820)9 (ERORMLUI),I=1,N)
FORMAT '-',10X,23H MAXIMUM ABSOLUTE ERROR//11X,3D22.8)
DO 830 I=1,N
ERORM(I)=ERORMETII/YMAXLUD)
WRITEILOUT,840) (ERORMITI),I=1,N)
FCRMAT('!-!,10%X,23H MAXIMUM RELATIVE ERROR//11X, 3022.28)
WRITELLOUT,850) NSTEP, NFE, NJE, NINVS

FORMAT('!-'„22H THE SOLUTICN REQUIRED,I5,6H STEPS/
1 23X,15,21H FUNCTION EVALUATIONS/
2 23X,15,21H JACOBIAN EVALUATIONS/
3 23X,15,18H LU DECOMPDSITIDNS)

10090 CONTINUE
| sTor

END
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*MAINL;
MAIN;
MAINL:
MAIN]:

/MAINL:
MAINL:
MAIN]:
MAINLZ

*MAIN]:
*MAIN:

*MAINL:
*MAINI?

*MAIN]2
MAIN:
MAIN12

MAIN

MAIN:

MAINI3
MAIN13

#*MAINL4

*MAIN14

*MAIN14

*MAINL4

MAIN14

MAINL4
MAIN14

MAIN14

MAINLA

MAINL4

MAINLS

MAIN15

MAINLS

MAIN1S

MAIN15
MAIN15

MAINL5

MAINLS

MAINLS

MAINLS 



SURFOYJTINF MIFFUN (N, Tr, Y, Y997)

DOURLF PRECISTIN T, Vz. YNNT, A, DSIN, Sl, 5?, S?, S4

DIMENSICN YIN). YPITCY

A=-1.02-DSINtT)

S1-(-2.00*A+5.998D3)

S2=1-2.70*A-6.00203)

sS3=15.00*A-4.NN)

S4=T/((T+1.DC)%*2*3.N))

YDOTL1I=118.DN"A-1.07)*VYCE1)+S?2RYl2I)HT1eYE3))/9.Dr SA
YEOTt2)=1S1*YE1D)+S3vVYE2)rl-4,NN<A-3,EN4N3)RYL3))/9.0D9+?7,.0N7

YENTL3Y)=LS2RVYEII+0 -%.IN”Ar?,.996N3)*VL2)+53=-Y13))/9.N0+2,.00%I4

RETURN

END

SURRNMUTINF PFDFRV (N, T, Y, P), nm)

RETURN

END

SURROUTINE ERRECR (T, Y, N, FPN)

DOURLE PFEFISIPN To Ys FRIe X El» Yls Y?2, Y2

NDURLE PRECISICN DSTN, DEPS,. NDFXP

DIMFNSICN YIN), ERNMEN)

*=1.02*T-DEOSCT)

IF(X.CT.1.702) oc TI 1

F1=DEXP(-X)

X=1,.03%T

Y1=F1I*DCCSCEK)

Y2=E]1*DSIN(X)

GN 702

Y1=:n.DO

Y2=0.00
|

Y3=DFXPL-T)I+1.NC/1T+1,9

EFCLI)=(2.DOxLY1+Y2)+Y?R)/3,NN

EPNL2)=(2.NG*LY3-Y1)+Y2)/3,05

EFO(3)=(2.DO*L Y3-Y2)+Y1)/3,N7

DO 3 I=1,N

EROLI)=ZSERNETI-VET)

PFTURN

END 
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It is recognized that special situations may require that the user make

some modifications to the program STINT to further increase its effectiveness

for his particular problem. Some of the modifications which might be appropriate
are outlined in the next section.

 



6. _PROGRAM MODIFICATIONS

Although the program STINT has been found to solve accurately and

efficiently a wide class of problems, situations may arise, when some modifica-

tion of the program might enhance its performance for a particular problem or

a family of problems. All such modifications require some familiarity with the

internal structure of the program which may be best attained by reading sections

2 thru 4.

The following list of some modifications is provided so that a user can

choose or extend the most appropriate one(s) for his problem. All changes

should be done with great caution, especially the ones which replace heuristi-

cally established features in the program.

(1) As discussed earlier, the nature of the error control is determined by

values contained in the array YMAX. This array must be first initialized

in the calling program; then it is updated within the program STINT

(statement 1420) each time a new block of solution values is accepted.

Some alternatives to the existing error control might be (i) a purelv

relative error control or (ii) a mixture of relative and absolute error

control of the type

estimated local error! < relative error*jsolution| + absolute error.

To achieve either of these or any other type of error control, YMAX must

be set by the user in the calling program. Note: YMAX must be always positive.

The choice of the maximum order MAXORD effects the efficiency of the

program STINT. At low accuracy requirements —large EPS values. -uch

as 0.01 —efficiency is often improved if MAXORD is set to a relatively

small value such as 4. However, MAXORD should increase with increasing

stringency in accuracy. Furthermore, if an estimate of the positic. of

the largest (in magnitude) complex eigenvalue is available, it should

be used in conjunction with the Table 2 to loosely bound the value of

MAXORD, as was done in the examples. Note that the existing dimensions

of the arrays SAVE,% and DY assume MAXORD = 7, its maximum value. If

the storage spaceis at apremium, and if MAXORD is reduced from its maximum

value, thedimensions of these arrays might be also reduced.

For some probelms the modified Newton method is too powerful

 



and, consequently, too expensive. It can be replaced by, among others,

(i) a £functional (Picard) iteration, or (ii) a modified Newton method

using a digonal approximation to the Jacobian. Comments on these two

follow: (i) A functional iteration ensues when the iteration matrix

wi is replaced by the unit matrix of the same size. Consequently, no

inversion (or LU decomposition) is required; this may reduce considerably

the computation cost. On the other hand, for convergence of this type of

iteration, the step-size h must be small. Therefore, it might take a much

longer time to integrate to completion and, thus the reduction in the cost

by not performing the inversion might never materialize. This is especially

true for probelms with large stiffness ratios. On the other hand, for

problems whichare mildly stiff or not stiff at all, the running time might

be decreased.

(ii) A considerably less costly modified Newton method which still retains

some of the convergence power of that used is one which approximates the

Jacobian matrix J by an appropriately chosen diagonal matrix. In this

_ _ B1j _

case, the iteration matrix W
1

becomes W I. (I-h we)we)which is

4i

easy to compute directly, thus avoiding, again, an LU decomposition.
One choice for the diagonal elements of D might be the directional

derivative of £.

(4) There areanumber of heuristically established parameters whose final

value was obtained largely after "fine tuning" based on observed and

various reported experiences. These are, among others:

B The number of corrector iterations for a single step is set to 3 in the

loop DO 780.

WB If convergence was not achieved after 3 iterations and the iteration

matrix has been freshly evaluated, the stepsizeis reduced, below

statement 800, by a multiplicative factor of 3/10.

B The number of error test failures for any single step is accumulated

in the variable IFAIL. If there are more than two consecutive error

test failures in one block the intuxruaiion process is restarted. The

test for this is performed below statement !030.

B After the second error tcst "al tiv stiep-sizeis reduced by a

multiplicative factor of 1/2. This is done below statement 1030.

H For the restart below statement 1080, the step-size is further reduced,

if possible, by a multiplicative factor of 1/10.

 



BE In choosing new values of the step-size, a factor of 1.2 for all

three orders p - 1, p, and p + 1, respectively, is used to make

the choice somewhat conservative. This factor appears in state-

ment 1200, and below statements 1220 and 1260.

B The entry to the step-size and order control segment is precluded

every other block for blocks of order 4 or higher. This is

accomplished by the use of the switch variable ISWl which gets

set above statement 1200.

BE The entry to the step-size and order control segment is precluded,

furthermore, if convergence or error test problens during the

current block were experienced. This is done by setting the switch

variable ISW2 to 1 after such test failures.

B The convergence bound constant BND is smaller than the error test

constant EPS by a factor 2(p+2). The inverse of this factor is

set in the variable ENQUP below statement 260.

Ü The estimated convergence rate CRATE is allowed to decrease by a

factor at most of0.9 on any one iteration, and is used only with

a multiplicative factor of 2 in the convergence test. This makes the

look ahead feature somewhat conservative. Both factors appear below

statement 760.

| There are several criteria for updating the matrices Wand J, If

the changes in netii/e, .] are less than 40% since the last

avg
® L] ® ®

-1 “ nu

evaluation of the ikteration matrix W ,
no reevaluation of W

1

takes place. If these changes are greater than 40% but less than 80%.

wi is evaluated without concurrent evaluation of J. This is indicated

by setting the variable IWEVAL to +2. For changes greater than 80%,

both J and wi are evaluated. To indicate this request, IWEVAL is set

to +1. These criteria are tested and appropriate values of IWEVAL set

below statement 300. In addition, after the first or the second error

test failure the value of IWEVAL is set to +2, indicating a request

for evaluation of w without concurrent evaluation of J. The same

. .
.

-1

is requested after a convergence test failure, if the matrix W was

freshly evaluated, Otherwise, evaluation of both, J and wi is in-

dicated by setting IWEVAL to +1. Each time the iteration matrix wi

is evaluated, IWEVAL is set to -i, i being the index of the constituent

formula which is being solved at the time of evaluation.

The reevaluation criteria described above are by-passed after a second

error test failure during one block and until the time when the value

 



of the independent variable at the beginning of a new cycle is greater

than its value at the time the second error test failure took place.

Also: This by pass is removed following a convergence failure.

 



7. TESTING

During the development stage of the program STINT a set of problems was

Created and the program was "tuned" so, as to achieve a high degree of accuracy

and efficiency for that particular set of problems. The testing with this

(somewhat limited) set of problems verified at least one objective of the

program design, that of relatively high efficiency for problems with eigenvalues

near the imaginary axis. However, such a problem characteristic as the position

of the eigenvalues of the Jacobian matrix is often’ not known or cannot be

estimated a priori. Therefore, for a program which is ‘to have wide utilization,

one would require that it performwell on a wider variety of stiff problens.

In order to obtain a more thorough assessment of the qualities of STINT,

it was submitted to the testing facility at the University of Toronto. The

procedure for testing was the same as that described in the paper by W.H. Enrisht,

T.E. Hull, and B. Lindberg, "Comparing Numerical Methods for Stiff Systens of

ODE's", which appeared in BIT, vol, 15 (1975), pp. 10-48. The problem set

they use excerises many aspects of a program. There are 25 problens which are

divided into various categories according to certain properties they possess,

such as linearity, position of eigenvalues, tightness of coupling, etc. The

statistics generated from the testing are very useful for the determination

of the problem domain over which a program performs well and to indicate where

potential improvements could be realized. All problens are solved for three

different local accuracies, that of 10°, 10%, and 10°, with absolute error

control (i.e., YMAX (I) = 1) in each case. Besides collecting the n »f

function, Jacobian, and LUdecomposition evaluations needei '

 : voten

completion, the running time and the reliability of the 1: :i u ihe global

error control are also recorded. An analysis of these data tor STINT vyielded

the following conclusions.

For linear problems with real eigenvalues the program STINT was found to

be both, accurate and efficient. The problems used varied in size fromN = 4

to N = 10 with stiffness ratios from 200 to 10°. Neither the degree of coupling.

nor the gap in the distribution of the eigenvalues had any profound effect on

the efficiency or accuracy of STINT. The estimates of the local error for problems of

this type were shown to be realiable.

The next group of problens are linear and have some complex eigenvalues. As expected,

STINT performed efficiently and accurately, particularly on problems with complex

eigenvalues near the imaginary axis. However, for problems for which a large

number of step-size changes, both increases and decreases, are needed, the number
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APPENDIX

LISTING OF THE PROGRAM

STINT

 



na RT||

SUBRCUTINE STINT {N, T, Y, DY,
+ YMAX, KFLAÄG,
+ IPIV)

SAVE, H, HNEXT,
KNEXT, JSTART,

HMIN,

MAXUCFD,

HMAX,

RW,

EPS>

Rl, MF,

9

STNTIN1LNR

STNT9O2O

STNTNO3D

STNTOO4O
MR ARE ER Eee ke re ee se ae ea a ea eek TNT II) 5 N

THIS PROGRAM INTEGRATES A SET

DIFFERENTIAL EQUATIONS,

EACH SEPARATED BY A STEP-SIZE H, IS COMPUTED AT EACH CALL.
STEP-SIZE MAGNITUDE MAY BE SPECIFIED RY THE

ALTERNATIVELY, IT MAY BE INCREASFD OR DECREASED BY STINT WITHIN
THE RANGF IHMINI| TO IHMAX|,
IN ORDER TO ACHIEVE AS LARGE A STEP AS POSSIBLE,
COMMITING A SINGLE STEP ERROR WHICH IS LARGER THAN EPS IN THE
RMS NCRM, WHERE EACH CIMPCNENT Or THE ERROR VECTOR IS DIVIDED BY

THE CORRESPONDING COMPUNSNT OF YMAX.

OF N FIRST DRDER OFDINARY

THE

USER AT EACH CALL;5

WHILE NOT

-

THE PROGRAM REGUIRES + SUJBROLTINES NAMZD:

DIFFUN{N, T, Y,

PEDERVI(N, T, Y, RI,

DEC(N, NO, A, IPIV,
SCL{N, NO, A, ®R,

DY)

NO)

lER)

[PIvV)

DIFFUN EVALUATES THE DERIVATIVES IF TH

FOR I=l,..o,N AND T AND STORES THF RESULT

DZPENDENT VARIABLE Y(])
IN THZ ARRAY DY,

PEDERV CCMPUTES THE PARTIAL DERIVATIVES UF THE DIFFERFNTIAL
EQUATIONS AT THE VALUES Y(I) FAR I=slysooce,N AND T AND STORES THE
RESULT IN ARRAY RR).  THUS, RILI+LK- LIND)

WITH RESPECT TO YIK) FIR IJsKzsls.eco, FEVALUATED AT YED)

ANALYTIC EXPRESSIONS FIR THE FARTIAL

AVAILABLE, THEIP APPROXTMATE

DIFFERENCING.

MAY SIMPLY BE:

FOR

ON THE FIRST CALL.

DERIVATIVES AFF NNDT

VALUES CLAN BE NRTAINED BY NUMERICAL
ISEF PARAMETER MF5)

SUBFCUTINF PEDERVIN, T, %

RETURN

END

"J, NND)

DEC PERFOERMS AN LU DECCMPOSITINN OF A

DECOMPOSITION IS SUCCESSFUL

SHOULD BE SET TC +1.

MATRIX A. IF THE

TER SHMTULD BE SET TO O0, OTHERWISE IT

SCL SOLVES THE LINEAR ALGEBRAIC SYSTEM AkX=B,
MATRIX A WAS PRCCESSED BY DEC.

FOR WHICH THE

THIS PROGRAM USES DOU3LE PRECISILEN FOR ALL FLOATING POINT
VARIABLES, EXCEPT FOR THOSE STARTING WITH P, WHICH ARE IN

PRECISION.
SINGLE

TEMPOCRARY STORAGE SPACE IS PRIVIDEN (BY THzZ USER) IN THE
ARRAYS IPIV, R)s RW, AND SAVE. THE AKRAY IPIV HILDS A VECTOR OF

THE SAME NAME. THE ARRAYS RJ AND RW ARE USED TO HCGLP MATRICES OF

THE SAME NAMES. THE ARRAY SAVE IS PARTITIDNED AS FOLLOWS:

l.LEsJ.LEI ANC 1.LE2I.LE.N IS USED TN SAVE

Y{1,J3) IN CASE A STEP (AND HENCE THE WHOLE CYCLE)

HAS TO BE REPEATED.

SAVE{J;s1)

*

*

*

*

*

*

*x

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*«

*

*

xx

x

*

*«

*

*

*«

*

1"

*

*

*

*

k

k

*

k

«

*

k

k

k

k

K

k

*STNTCJI6N

#2STNTOHIT7O
A BLECK OF THREE OR FOUR SOLUTION POINTS ,*STNTOO8D

*STNTD090

*STNTOLOO

»STNTO110

*STNTO1L2O

»STNTD13N

*STNTOL4D

*STNTO15D

*STNTOLEN

»STNTOL7TND

*STNTN180

*STINTC19DO

*STNTN20N

xSTNTO21O

*STNTO22D

xSTNTN239

*STNTO24N

*STNTO25O

*STNTO260

*STNTD27O

*SINTO28O

+STNTD2IN
IS THF PARTIAL OF DYEJI *STNTO3OO

I=1,..
IF ’TTHE*STNTO32D

*STNTO31N

*STNTO330

*STNTO340O
in THI> CASE SURRJUTINE PEDERV*«STNTO35O

xSTNTN2360

*STNTO37D

*STNTO380

*STNTGZ3IC

*STNTO4OO

*STNTO4+1IN

=STNTI42O

x»STNTOA+3D

*«*STNTO4AG

*SINTO45D

*STNTO46D

*»STNTO4+TO

*STNTO4BEU

*STNTI49Q

*STNTG5020

*STNTOS1N

=STNTO520

*STNTN539

=STNTN540

*STnT2559

*«STNTOS6D

x*STINTOS7TO

*STNTOS8O

*STNTO590
*STNTOEYD
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*
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%*

*
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%

%*
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*

„x

*

*

*
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*

*

*
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k

k
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«

k

K

&

k

k

*
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SAVE(9,]) leLE.I.LEN 15 USE TA STÄRE THE DER!VATIVE CF THE

I-TH DEPFNDENT VARTARLF SCALIN RPY HH,

IS USED TN STORE THE DERIVATIVES AS THEY ARE

COMPUTED RY DIFFUN FNR THE CHRREFTOR. IT IS ALSO

ACCESSED AS A COMPLETE ARRAY SAVEINYPL,1).
IN ADDITION IT IS USED IN THcz ERROR CONTRCGL TEST.

{ING = N) * 9 AND NYPI = NI + 1.)

SAVE(N9+I,1)

SAVF(N1O+1,1)

CORRECTOR ITERATINN IN THE CASE,
TO BE RcePcÄTED. (NlO = N) * 18.)

IS USED TO HILL THE DERIVATIVES EVALUATED AT

Y{I)+a AND T, WHERE 9 IS THE INCREMENT USED IN THE

NUMERICAL DIFFERENCING STCHEME INVOKED, IN CRDER TO

CRTAIN APPRNXIMATE VALUES NF THE PARTIAL

DERIVATIVES. (Nil = ND * 11.) -
..

IS USED TI HILN THE DERIVATIVES EVALUATED AT Y(I)

AND T IN ORDER TNn ORTAIN APPROXIMATE VALUES OF THE

PARTIAL DERIVATIVES. (N12 = ND * 12.)

THE CNARRECTER HAS

SAVE(NI11+1,1)

SAVEINI12+1,]1)

THE PARAMETERS IN THE CALLING SEQUENCE HAVE THE FOLLOWING MEANING:

N THE NUMBER OF FIRST CRDER DIFFERENTIAL EQUATICNS TO BE

INTEGRATED. N MAY BE DECREASED AN SUBSEQUENT CALLS IF

THE NUMBER OF ACTIVE EQUATIUNS DECREASES, WITH THE

FIRST CNES BzeING THCSE RETAINTED. BUT, IT MUST

NOT BE INCREASED WITHOUT CALLING WITH JSTART = ®,

THE INDEPENDENT VARIABLE. ON ENTRY T IS THE CURKENT

SETTING OF THE INDEPENDENT VARIABLE. UN RETURN TO THE

CALLING PROGRAM, T CORRESPONDS TO THE SETTING OF THE

INDEPENDENT VARIABLE FOR THE MOST FCRWARD PCEINT

THUS FAR,

AN N BY 8 BY 4 ARRAY CONTAINING

AND THEIR BACKWARD DIFFERENCES.

SOLUTICN POINTS ARE OBTAINED. THE MCST FORWARD POINT IS
ALWAYS AT Y{I,1,1). THE POINT NEXT TO THE MOST FORWARN

POINT IS RETURNED IN YÜI,1l,KFLAG). THE MOST BACKWARD

POINT IN THE NEW BLCCK IS RETURNED IN Y(1,1,2).
INITIAL SOLUTION VALUES, ENTERED IN Y(I,1»,1) FOR

I=l1oes..»N, NEED TI BE SUPPLIED ON THE FIRST

CALL (3START = I).

Y{I1,J3+1l,K) CCNTAINS THE J-TH BACKWARD DIFFERENCE
I-TH DEPENDENT VARIABLE (FOR K=1,0..,KFLAG).
IF IT IS DESIRED TO INTERPOLATE TO NIN-MESH POINTS
THESE VALUES CAN BE USED : IF THE CURRENT STEP-SIZE IS

H AND THE VALUE AT T-E (O<IEI<IHI) IS NEEDED,
AND THEN COMPUTE

NQ

SUM YII,J+tl»K)#BLI)
J=0

WHERE K, WHICH CORRESPOMDS TO T,
BEYOND THE PIINT T-E,

WITH B(O) = 1.

AN N BY 4 ARRAY. DYILI,K), 1.LE.I.LE.N, 1.LE.K.LE.KFLAG,
CONTAINS THE DERIVATIVE OF THE I-TH DEPENDENT VARIABLE

SCALED BY H. THE DY(T,1) ARRAY NEED NOT BE SUPPLIEC AT

THE FIRST CALL (JSTART = 2).

THE DEPENDENT VARIABLES

OF THE

Y{II(T-E) =

AND BlJ+l) = B(YIr-LJI-SI/LJ+))

*SINTG6]1N
*STN’N62N
*STNTV63N

*STNTO640

*STNTO&SEO

*STNTO&6U

*SINTOSTC
IS USED TO HILD THE CORRECTION TERMS FOR THE ENTIRE*STNTO6RU

*STNTO69

*STNTC7DO

=2S TITNTG7IO

*STNTO72

*STNTO730

:S TNTO 74

*STNTO759

*STINTO76Ü

»3STNTO7TTO

*STNTO780

*STNTO7SD

*<STNTO8DOD

*STNTOBS1U

*S TNTN829

*STMNTO830

*STNTNAA,

*STNT2B5"

*»STNTORBFA

zZSINTeea7rn

*STNTOBSSO

*STNTOB»U

ORTAINED*STNTCYIK

&STNTosle
*STNTUSG2)

ON EACH CALL UP TO FOUR«STNTCI3U

“«STNTI9I4O

*STNTUS9

*S TNTC960

ONLY THEXSTNTNI75

*STNTC98:

*STNTOYIIU

*STNTINDD
*STNT101N

*STNT 112:

*STINT1G3?

*STNTL

FORM S=E/H*STNTICHT

*SINTLO6O

*STNT1O7.

*STNTLUEL

*STNT1090
[IS THE FIRST MESF POINTXSTNTLINMD

*STNTlllf
*STNT]I120
*SINT11230
*STNT1I140
*STNT115N
*STNT116%

A BLOCK OF AT LEAST 13*NO DOUBLE PRECISIOCN FLOATING POINT=STNTLLTU
LOCATICNS.

THE STEP-SIZE USED FGR THE JUST COMPLETED BLOCK.
THE STEP-SIZE FOR THE NEXT BLOCK. DON THE

*STNTI180
*STNT1199
KSTINTLI2I
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FIRST CALL (JSTART=U) THF USER MUST SPECIFY AN

STEP-SIZE. A GIOD FESTIMATF OF

BY "28 FPS/ABS(E))**).5 . WHERF & IS THE LARGEST

EIGENVALUE OF THE JACOBIAN FVALUATFED AT THE INITIAL

VALUFS OF T AND Ye THE SIGN IF THE INITIAL HNEXT

SHCULD RF POSITIVE (NEGATIVE) IF THE FINAL TIME IS

GREATER (LESS) THAN THE INITIAL TIME, IF THE INITIAL

STEP-SIZF CHIICE DOES NCT CAUSE AN ERROR GREATER THAN

EPS, IN THE RMS NORM, IT wILL BE ACCEPTED; CTHERWISE,
ITS MAGNITUNE WILL RE DECREASED UNTIL AN ERROR LESS

THAN EPS IS ACHIEVELC. THE SURRJIUTINE AUTGMATICALLY

ADJUSTS THE STEP-SIZE AFTER THE INITIAL AND SUBSEQUENT

CALLS FOR TH: STEP-SIZE IF LARGEST POSSIBLE MAGNITUDE.

THE MAGNITUDE MAY BE ANJUSTED DOWN ON ANY SUBSEQUENT

CAlL. NDITE: A MAGNITUDE ADJUSTMENT- UP:-GR A SIGN CHANGE

WILL RE IGNORED.
.

IHMIN| IS THE MINIMUM STEP-SIZE MAGNITUDE TO BF ALLOWED

FOR THE NEXT INTEGRATION CYCLE. (ON THE FIRST CALL

(JSTART=O), IHMIN]| SHOULD BE CHISEN SIGNIFICANTLY

SMALLER THAN IHNEXTI
THE ERROR CRITFRION IS NOT MET WITH THE USER SPECIFIED

HNEXT.) NOTE: THE SIEN AF HMIN IS IGNCFED,

CHANGED EN SURSEQUENT CALLS.

IHMAXI IS THE MAXIMUM STEP-SIZE MAGNITUDE TO BE

ALLOWED FAR THE NEXT INTEGRATION CYCLE. NOTE: IF

IS LESS THAN IH4INIs» THEN THE SURRIUTINE FUNCTIONS AS

THCUGH IHMAXI EQUVALS IHMINIe  HMAX MAY BE CHANGED ON

SURSEGUENT CALLS.

THE ERROR TFST CONSTANT. THE SINGLE STEP ERRCR ESTIMATE

FÜR Y, CAIMPITEN AS A WEIGHTED RMS NOFM,
EPS. THE

INITIAL

ITS MAGSNITUDE IS GIVEN

WEIGHT FOR THF I-TH ELEMENT IN THE ERROR

ESTIMATE IS 1L/YMAXLI). (SEE PARAMETER YMAX.) THE

STEP-SIZFT AND/OR ORDER ARE ADJUSTED TI ACHIEVE THIS.

AN ARRAY TF N) LOCATIONS, WITH--FOR I=],.oe., N--YMAX(I)

BEING THZ MAXIMUM DF UNITY AND THE MAXIMUM VALUE CF

IvtI)I SFEN THUS FAR, CN THE FIRST CALL IT SHCULC BE

SET TC THF MAXIMUM CF UNITY AND THE INITIAL VALUE OF

Iv
A CCMPLETICN CODE. IF KFLAG IS GREATER THAN G,THEN

KFLAG PCINTS HAVE BEZN COMPUTED. IF KFLAG IS

-2, -3, OR -4 THEN 2, 3, OR 4 MESH POINTS,

HAVE BEEN CCMPUTED WITH IHI=IHMINI, BUT THE REQUESTED

ERROR WAS NIT ACHIEVED,. NTHER VALUES KFLAG CAN ASSUME

ARE AS FILLONS:

KFLAG

RESPECTIVELY,

*STNT1L210

*STNT1220

»STNT1232

*STNT124D

*xSTNT125G

*STNT1260

»STNT1270

+STNT1280

*STNT1290

*STNT13N0

*STNT1310

*STNT1320

*STNT1330

*STNT1340

*STNT1350

*STNT1360

*STINT1370

*STNT1380

*STNT1390

SO AS TO AVOID START-UP PRCBLEMS IF*STNT1400

*STNT]I410

HMIN MAY BE*STNT1420

*+5STNT1430

*STNT1440

IHMAXI *STNT 1450
*«STNT146D

*STNT1479

*STNT148C

*STNT1490

MUST NET EXCEED *STNT1500

.=STNT1510
*STNT1520

*STNT1530

*STINT1L540

*STNT1550

*STNT1560

*STNT1570

*STNT1582

=STNT1590

*STNT1600

*STNTl1610

xSTNT1620

*xSTNT1630)

*STNTL64C

-5 THE REQUESTED ERROF WAS SMALLER THAN CAN BE HANDLED*STNT1650

FOR THIS PROBLEM.

-6 CORRECTUR CONVERGENCE

DABS(HI.GT.DABSCHMIN),.

-7 THE MAXTMUM NRDER SPECIFIED WAS TON LARGE.

AFTER THE INITIAL CALL (JSTART=0), THE VALUE OF KNEXT IS

THE NUMBER OF PIINTS TI BE CIMPUTED DURING THE NEXT

CYCLE. THE VALUE 1S SUPPLIED FOR INFORMATICN ONLY.

USER CANNST CONTROL THE NUMBER OF POINTS BY SETTING

KNEXT.

AN INPUT INDITATIR WITH THE FOLLOWING MEANINGS:

O0 INIALIZATIUON CALL.

FIRST CALL.)

> CCNTINUE FROM THE LAST STEP,
ON RETURN JSTART IS SET TO NQ, THE MAXIMUM BACKWARD

DIFFERENCE AVAILABLE IN THE Y ARRAY.

COULD NOT BE ACHIEVED FOR

KNEXT

JSTART

*STNT1660

*STNT1670

*STNT1680

:STNT1690

*STNT17D90

»STNT1710

THE*STNT1720

*STNT1730

»STNTL740

#STNT1750

(JSTART MUST BE SET TC Q ON THE*xSTNT1762

*STNT177C

*STNT1780

*STNTL7IC

(THIS ALSO CORRES-*STNT1800

 



PONDS TO THE ORDFR CF THE METHOD USED TC CTMPUTF THE
JUST CCMPLETZD BLOCK OF PNINTS.)

THE MAXIMUM ORDER (1.LF.MAXNFRD.LE.7) THAT MAY BE USED,
NOTE: IF MAX)3I IS RESET BETWEEN CYCLES 70 A VALUE LESS
THAN THE ORDER DETERMINED FOR THF NEXT CYCLE, THEN THE
ORDER MAY FÜR SEVERAL CYCLES EXCEED MAXCFD. HOWEVER,
IT CANNCT EXCEED THE ARCVE DETFRMINED VALUE AND, CNCE
THF CRDER IS LZSS THAN OR EQUAL TO MAXNFD, IT CANNOT
THEN EXCEEN MAXIRN,

MAXURD

RJ

LOCATIGNSs WHICH CCNTAINS AN ESTIMATE CF THE JACOBIAN
GF THE DIFFERENTIAL EQUATION.

RW

LOCATIONS.

A BLOCK OF AT LEAST NO INTEGERS USED: TO.HGLD PIVOT DATA
GENERATED DURING AN LU DECOMPOSITION.

VETHOD FLAG .„ IT

DERIVATIVES ARE OBTAINED WITH THE FOLLDOWING MEANING:
1 ANALYTIC ZXPRESSIONS FOR THE PARTIAL DERIVATIVES ARE

SUPPLIED 3Y THE USER IN THE SUBRCUTINE PEDERV;3
2 THE ANALYTIC EXPRESSIONS ARE NOT AVAILABLE.

APPROXIMATE VALUES OF THE PARTIAL DERIVATIVES ARE
OBTAINED 3Y NUMERICAL DIFFERENCING.

IPIV

MF

Io

*STNT181
*STNT1B82L

*STNT1383t
*STNT184

*STNT185(
*STNT186(

*STNT187

*STNT188

*STNT18%
A BLOCK OF AT LEAST NOxr=2 DOUBLE PRECISION FLOATING POINT*STNT190L

*STNT1910
“STNT 1920

A BLOCK OF AT LEAST NO==2 DOUBLE PRECISICN FLOATING POINT«STNT193
*STNT194

*STNT 195

*STNT196N
DETERMINFES THE MODE BY WHICH THE PARTIAL*STNT19T

*STNT198EÜ

*STNTL99C

*STNT2OOL

*STNT2O1LT

*STNT202C

*STNT203{

*STNT2O4L
(RL T 2 2 3 2 2 02 2 22 2022 2 2 2 2272 2 272 2 202 2 2 2 2 2 20272 2 2.2 3 22 2 2 2 22 2 2 2.2 2 2 3 2 3 922 2 2 2 2 2 272727272 2 227 25 0 18 J0cTH
C

IMPLICIT REAL*8B (A-H,N-2)
DIMENSICN YIN,8,4), DYIN,#)»

+ INDEX(7,2), Bt382), Ctl6),
+ B1148), B2(34), RY(1)

EQUIVALENCE (BLL1),BLL1)),(BL4S),B2t1))
COMMCN /STAT/ NSTEP,NFE,NJE»NINVS

SAVEL9,L)I, YMAXL),
PERRIRI(9),

RWwtl),
PC(16),

IPIvtl),
pD{ 7),

C

STNT 2U6C

STNT2CT

STNT2OBU

STNT2090

STNT2100

STNT2110

STNT2120

STNT2130
CK aka a he ae a eear hearar ea ae ae ee TNT 2 1 4)
Cc*

C*

Cx*

THE CONSTANT URCUND SHJULD BE SET EQUAL TO THE UNIT RCUND-OFF
FOR THE MACHINE. THE CONSTANT SQRTUR SHOULD BE SET EQUAL TC THE
SQUARE RCCT CF UROUND.

|

*STNT215N

*STNT2160
*STNT2170

Cr ak ak ande ee ae Ser ker ee ae ae ae fe af ae apcale ek a ae Da af he ae a ee aeae re INT 2) BU
Cc

DATA URODUND/4+.1C-16/, SQORTUR/2.D-8/
C

STNT219
STNT 2200
STNT2210

LIE Tr 2 23T 2 22 2 20 22 2 2202 22 02 2 2 2 202 22 3 272 2 20272 272 2 2 27272 2 2 227272 22702 3 27,2 272 272 272 2722 27272 22 20 a Nm er Zus
C*

C*

C*

C#

THE ARRAY INDEX HOLDS POINTERS AND CONSTANTS FOR THE VARIOUS
ORDER METHODS. FOR NQ=1,.0.0,7 THE ENTRIES ARE AS FOLLCHWS...

INDEXINO,]1) RASE INDEX FOR B ARRAY (H*DY PREDICTOR).
INDEX{NQ,2) BASE INDEX FOR C APRAY (CORRECTOR).

*STNT2230
*STNT2240
*STNT2250

*STNT2260
C a6 akake 26% ak ehe ae ae a aaa eeae ea aa ae a ehe ae a aaa ae TNT 22 70
C

DATA INDEX/ 1,
+ il»

2y
2y

4:
3%

il;

55
29;

LA)
38,
10,

59
14/

C

STNT2280
STNT229N
STNT2300

STNT 2310
(ak aleake rc a ae re See a ehe rer fe re ea ef STATT 2220
Cr THE CDEFFICIENTS APPEARING IN

Cc* B ARRAY SHOULD BE NDEFINED
c* THE MACHINE. THEY ARE,

C*+ 1

C* -2, 3

C* -9/2,;
C* -15/2,
c* -22/ 3;

THE NEXT DATA STATEMENTS FOR THE
TI THE MAXIMUM ACCURACY PERMITTED BY

IN THE ORDER SPECIFIED,...

-5/4,
-3/4,

-8/3,

11/2

12/2, 2

-17/18, 25/3

*STNT2330
*STNT 2340
*STNT2350
*S INT 2360
*STNT237T0
*STNT2380
*STNT 2390
* STNT240C
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Cc*

C*

ck

Cc*

Cc*

C%*

C*

C*

C*

Cc*

C*

c*

C
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+

+

+

+

+

+

+

+

+
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C

0

1110
r
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+

+

-9,
-125/12,

-253/24,

-57/4,

-137/10,

-353/25,
-3529/200,

-3/20,

-343/20,
-266/15r

1/2

-1316/75
‘2737/1500,

Ce Make ak ce araeeaeSTNT 2 52

DATA B1l/

=-.6566666666666666700,
|

IL

-3,031666666666666700, -1.3800s -.6531666666666666700/

DATA 02/

=-1.3406006666H6H66H5/ULU »

-9/4,

-25/8,

-17/8, 35/4, 5/4

-1n1/24, -71/36, -3T7/48,

-1001/240, -7917/360,

-1'/

127/12

-123/160,

-1689/ 24), 61/5,

-117/2C, -46/15, -191/120,

-571/1890, -1319/6)0,
- 1889 /ADG,

17/8

-303/40,

-221/30,

1373/120,
-1/2u, 31/10

-197/3.)0, 147/10
- 79/509, -3919/6300, 1477/100,

-1609/6CU0, -3527/24NC, -931/150C,

1/10

7/20

-253/6),
-743/13C,

- 589/24N,
-73/?20,

-101/75,
-803/6JL,

-23/40, 363/20

-1C03/18C, 547/30,

, -1151/150,

-1/5,

- 3689/99,

1/2

-121/59, -42I3/3C9C, -257/45C,

1.000, -2L.V00s 3.000%

-. Tnu0, 6.500. 2.000,

-[.,H6b666H66H6HHHH6HHTDL.»

-4.500, -1.2500, 5.500»

-7.333333333333333300»
- ,94444444444444444D0

-7.,50D0;

8.333333333333333300s -9.000, -2.2500» -.87500» 8.7500-
le/>00, -1V.41666666666666700;
-1.4917c222cdC2222222200,
11.61660606666666700,»
-4.1706533333333333300%,
11.44 1666606666667D0,»

-,. 704 16666666666667TDU ,
-5,850U0%

-4,.0208333333333333300»
-,.7708333333333333300

-10.54164666666666700,
-1.963888888885858890D0+,

0.100» -14.,250D0), -3.12500; -1.700;
12.200, -.,050D0,; 3.100» -13.700»

-3.0666666b6HHA666 7D0» -1.591666666666666700 »
14.700, -14.1200, -5.7100»

-. 7667500,

14+.7700% 0.3500» -17.6450D0; -4.722500%,
LL

-2.651069666666666700. -1.4095333333333333D0»
-.62.06666066666666700, 15.39500, -.1>00. 3.400»

-7.5791L0, -4.216666606666666700» -2.4541666066666667DO »
-,5/7500» 18.1500;

-7.3066666666666667D0»
-2.433333333333333300
-,5722222222222222200»

0.590, -17.54666666666666700,
-/.6733333333333333DU, -4.093888888888888900, -2.4200
-1.33+333333333333300, -.5711111111111111100,

18.LC4666L06606MH66667DU» -0.2U0, 0.500/

-17.1733333333333333D0,

-4,.l6
-1.3383333333333333U0,
18.2.3333333333333300»

3079/2C0,

-17.1500,

‚I

*STNT 241

*STNT242

*STNT 24:

*STNT244

*STNT24°

*S TNT?4t

*STNT24I

*STNT24E

*STNT 24°

*STNT25,

*STNT25]
*STNT25Z

*STNT25:?

STNT?S5:

STNT 25€

‚STNT257
STNT25t

STNT25<

STNT26:

SINT 26]

STNT26:

STNT26°

STNT264

STNT2E:

STNT 26€

STNT267

.STNT 268
STNT26&

STNT2TL

STNT271

STNT27Z

STNT27?

STNT274

SINT2TE

STNT2TE

STNT277

STINT?TE

STNT27<

STNT28i

STNT281

STNT282

STNT28:

EEE 3 2 2 2 22 2 22 22 2 22 2 202 272,2 2 2 2202 2.2 2.202 2.2 2.2 12 2.2 22 2.2 2 2.2 2 2.3 2 2 2.22 2 2.2 2 2 2 2 2 2 2 2 2 2 2.2 202 212 202.2
C*

C*

C*

C*

C*
c*

c*

C*

C*

c*

THE COEFFICIENTS APPEARING

C ARRAY SHCULD RE DEFINEC TO THE MAXIMUM ACCURACY PERMITTED BY

THE MACHINE.

-1

-2/3

-6/11,
-12/25,

-60/137,
-20/49,

-140/363,

IN THE NEXT DATA STATEMENTS FOR THE

THEY ARE, IN THE ORDER SPECIFIED,...

-2/3
-16/31

-600/1373, -100/193

-120/293, -75/184, -1209/2299

-60/143, -1050/2437

*STNT 28%

*«STNT28€

*STNT28i

*»STNT2BE

*S TNT 28°

#STNT2

»STNT29!

*STNT29.

*STNT29:

*STNT29:

Cake Ak ka aaaaINT 29!
C

+

+

+

DATA C/ -1e000s -+6666666666666666700, -.5454545454545454500
- ,Hb6HbbHHEHHHAHKHH 7 UL» -,4BU0, -.51612903225806452D0»
-.4579562.0437956204DU, -.43699927166 78805600»

-.518154715025906 7400, -.408163265306122450D0»

STNT29:

STNT29

STNT29:

STNT29'

STNT 30
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- 4095563139931 740600» -.4076086956521739100, STNT&
- 50219660 722053066600, -.3856749311294765900+» STNT3L
-.4195804195804195800, -.43085761181780879P0/ STNT3L

C STNT3C
CK ak aka ee ee ae ap a TAT 2,"
c* THE CCEFFICIENTS IN THZ PERROR ARRAY ARE USED IN THE ERROR TEST, #STNT3;
c* THE FIRST TIME IT IS PZRFORMED, AS WELL AS IN THE STEP-SIZE/ORDER *STNT3C
C* SELECTICN SEGMENT. PERROR(I+L) = 1/DLEI+rl) „ I=slye.oco,T7T, WHERE *STNT3(
C* D(I+1) IS THE DISCRETIZATICN ERROR CCENSTANT COIRRESPONDING TC THE *STNT3
C* SECOND PASS OF THE INTEGRATIIN CYCLE CF ORDER I. PERRCR(LN) AND *xSTNT3]
C* PERROR(9) ARE DEFINED SOLELY FOR PROGRAMMING EASE; THEY ARE NOT *STNT3]
[* USED. *=STNT3]
(Ob 2 2 2 202 2 2 202 202 2 202 2 2 2 272 2.212,2 2,2 22 2 2 2 2 2 2 2 2 2 202 22022 2.2 2 2 2 202 2 2 272 212.22 2027202 2.272727 272727272 20 gNE 0c9]
C STNT31

DATA PERROR/ 1.2, 1.9), 1.92857, 2. 78161, 3.56735, STNT31
+ 4.29497, 4.9965, 5.6)J66, 1.0/ | STNT3]

c STNT31
(uk E32 2 2 2 2 272 2 202 2 2 2 22 2 22 2 2 2 272 22 2 22 22 2 22 2 202 22 212 203 2 27202 2 272 272 272 2 202 27202722722 772 2 27225 a1 &c 91
C* THE COEFFICIENTS IN THE ARRAY PC ARE USED BOTH IN THE CONVERGENCE *STNT31
C* AND ERROR TESTS. THEY ARE THE RECIPRDICAL VALUES CF THE *STNT22
c* DISCRETIZATICN ERROR CINSTANTS FOR EQUYATIDNS CONSTITUTING THE *STNT232
c* METHODS CF ORDER 1 THRJ 7% *STNT232
ELLE 3 2 2 2 2 2 202 2 22 2 2 3 2 2 20272 2 202 22202 2 2 22 2,272 2 2 27272 2 202 272.272 2 2 22 27 2.22.2702 272 02720202 27 2 2 272 25 4a co)
C STNT32

DATA PC/ 2.9, 4.5, 7.3333, 6.0, 19.4167, 9.3, 13.7, 13.8627, STNT32
+ 9,6904, 17.15, 16.5504, 17.4349, 9.472, 20.7429, 15.921, 5STNT32
+ 14. 78099/ STNT32

c STNT32
OR 3 2 3 2 + 2 2 2 2 2 2 2 2 2.2 2 2 2 2.2 22 2 2 22 22 2 222 22202 2 2 2 2 2 2 2 02 2 212 2 2.2 2 2 2 2 2.2 2 2 2 2 2 2 2 2 2 2 20202 200 0.10 2er)
C* THE COEFFICIENTS APPEARING IN THE ARRAY PD ARE USED IN THE TESTING*STNT33
[* OF THE '"CUTDATENESS® OF THE ARRAY RW. THE PDEI) ELEMENT CCNTAINS *STNT33
[*+ THE AVERAGE VALUE OF THE COEFFICIENTS IN ARRAY C CORRESPONDING TO *STNT33
C* ORDER I. *STNT33
IE 2 2 2 2 2 22.2 212 2 22 2 2 2 2 2 22 2 2 2 2 2.2.2 2 22.22 2 202.22 2 2.202 22 2.2 22.2 2 272 2 2.2 2 20202 202 2022 222 272 3 2m O1E gci'
c STNT33

DATA PD/ 1.9, 0.6667, 3.6061, 7.4981, 0.4544, C.4368, Q.412/ STNT33
C STNT33
LIE IE E22 2 22 2 2 EEE 2 Se a az e nn Ze 22 2 202 2 2 2 2 2 2 2 2 2 22 2 2 22 2 2 2 2 2 202 2 2 2 2 2 2 2 2 2 2.2 200 ZB zch
(OR 3 2 2 3 2 3 2 2 2 3 2 2 2 2 2 2 2 2 2 2 22 2 22 22 2.2 2 2.202 2 2.2.2 22.2022 202 2 2.2.2.2 2.2.2.2 202 2 2.2 2.2 202.22 2 2 2 2 22 200 aD Sc)
q STNT 34

KFLAG OÖ STNT34
IFAIL Ö STNT34
IF(JSTART.NE.O) GO TO 80 STNT34

*STINT34
INITIALIZATICN --- FIRST CALL *=STNT34

*STNT34
NC = N STNT34
FN=DFLOATIN) STNT34
N9 = NO * 9 STNT34
N9PI = NI + 1 STNT35
N10 N9 + NÖ STNT35
N N1O + NO STNT 35
NI1lPI = Nl1 + 1 STNT35
N12 Nil + NO STNT35
Ni2P1 = NI2 + 1 STNT35
NSQ = NO#+NO STNT 35
IWEVAL=+] STNT35
TDL=T STNT35
H=DMAXLIDABSIHMIN) „DMINLLDABSCHNFXT) ,DABSCHMAX))) STNT35
IFÜCHNEXT.LT.O.DR) H=-H STNT36



30 NQOLD=

ISW1=0

I1Sw2=0

CRATE=1.DO
CALL DIFFUN (N, Ts Y, DM

NFE=NFE+1

DO 40 I=1,N

DY(I»1l) = HrODYtI,])

NO = 1

IST=-1

IOtL = ©

GO TO 180

CONTINUE WITH THE STEP-SIIE F

UNEW=DMAXTLDABSCHMIN),OMINLELARS CHNEWI DABSCHNEXT.I) ,DARSCHMAXID

IF(H.NE.HNEWN) CN TO 19)

IST = NQPI

IDEL = NEPI

ISw2=0

Go TO 180

NEW STEP-SIZZ --- INTE2ZPCLATE FNMk NEa POINTS

RATIM=HNEW/F
H = RATIO*H

RC=RCKRATIO*DBLELPDLNN)/PDILDI
PDCLD = PDINN)

IF (NQ.EQ.1) GC TO 152

IEQ = NEW

D = 0.000

DO 140 J=2,NQ

D=D + RATIG

IF (D-.GT.DFLOATINEN+NIPL-TEQN) IEQ=2

DI = DFLCATINEQ-IEI-I) - D

DG 140 I=1,N

D2 = 1.009

D3 = 0.0D0

DO 120 J1l=2,NOPI

32 = D2*I(DFLOATLJLI + ELI/DFLOATLJIL-))I
D3 = L3 + D2*Yt1,JL,IEG)

Y{l,J = D3 + Y{I,1,IEß)

IST= NQ

IDEL = ©

DO 160 I=1,N

DY{I,1) = DY{I,1)*RATIO

IRET = 3

GO TC 4600

INITIALIZE SAVE ARRAY

DO 200 I=1,N

SAVE(9,I) = LYLI,))

DO 200 J=1,1ST
SAVE(J,I) = YllDD

STNT36109

SINT 3620

STNT 3639

STNT364N
STNT365L

STNT 3660

STNT367N
STNT3689

STNT3690

STNT37O0

STNT371D

STNT372C

»STNT3730

*»STINT374Ö

*STITNT3750

STNT3760

STNT3770

STNT378BO

STNT3790

STNT380N

STNT3810

STINT 3820

+, TNT3830

*S INT 38340
*STINT 3850

STNT3360

STNT3870

STNT3880

UNyT 3990

SINTZ3IZN

_

STNT391D
STNT 3920

STNT 3939

STNT3940

STNT3959

STNT396C
STNT3970

STNT398D

STNT3990
STNT4VYOO
STNT401C
STNT4020O

STNT4«030C
STNTAD4O
STNT40O50
SINTADED
STNTAGTO
STNTAQDED
STNT4U90

x»STNT41D0

*STINT411D

*STNTAL2O
STNT4130
STNT414D
STNT4150

STNTA416D
STNT4ALTC
STNT4180
STNT4196
STNT4200

 



80

220 IF ((NQW.EQ.NOCLDI.AND. (IFN.EQN.DFLOCATIN)I) GO TO 3 STNT42IF ({NQ.EQ.NQCLDI.AND. (FN.NE.DFLUATEN))I GO TG 280 STNT42.IF (MAXCRD.LT.8) GÜ TI 260
STNT42:KFLAG = -7
STNT42«Gü TG 4185
STNT42'

*«STNT42ESET APPROPRIATE PARAMETERS AND CCNSTANTS *STNTA2|FOR NEW CYCLE OF JIRDER NG *SINT42E

*«STNT42CINDB = INDEXING,])
STNT43{INDC = INDEXI(NQ,2) \

STNT43]NEQ = 3+1Q/5
STNT43ZJSTART = NQ
STNT43:NQOOLD = NQ
STNT434NOM1=NQ-1

-
- STNT43!NOPI = NC+Ll

| STNT43EQ = DFLOAT ING)
|

STNT4317ENODWN = 0.5D0/Q
STNT438ENQSAM = 0.500C/1Q0+1.0DD)
STNT439ENQUP = 0.5L0/1Q+2.00D0)
STNT44UFN = DFLOAT(N)
STNT441EDOWN = FN*(DBLE(PERRORENGIIHEPSI#*2 STNT442EUP = FN*ÜDBLEIPERRORENG+2)) FEPSIK«2 STNT443ES = FN*IDBLEÜPERRIRINGPLI)AEPS)I#2

|

STNT444IF(EDOWN.GT.O.COI CO TO 3009 |

STNT445KFLAG = -5
STNT446GC TO 4185
SINT447

*STNT448CHECK FOR REEVALUATION OF JACOBIAN *STNT44YI

*STNT450IFLIKEVAL.GT.O)I GN TO 320
.

.

STNT451IFLLTOL-TOLDI*F.GT.0.00) GO TI 320 STNT452IF(DABSIRC-1.DC)I.GE.4.D-1) InEVAL = +2 STNT453IFIDABSIRC-1.DO).GE.8.D-1) IREVAL = +1 STNT454
INDBR = INDOB

STNT455INDCC = INDC
STNT456

DO 1000 IEQ=1,NEQ
STNT457

IST = MOD (IEQ, NEQI + 1 STNT458
TI=T+H

STNT459
RND=FN*tDBLEIPCLINDCECI)«ENGUP«EPSIKR2 STNT46U:
E=ES

STNT461
IF(IEQ.GT.2) E=FN#(DBLELPCLINDCCEII*+EPSIK*2 STNT462

-

*STNT463:
PREDICT Y AND DY FOR THE NEXT MESH POINT *STNTA64H

*STNT465:
DO 460 I=1,N STNT466!

D = DY(I1,IEd) STNT467
DI = YiI,1,IEQ) + Q*D STNT46B1
D2 = BL INEBB+HNOQMLI*D STNT 469:
IF (NQ-2) 440, 40), 340 STNT479
IF (1EQ-3) 40, 380, 360 STNT47!:
D2 = D2 + RL{INDBR+NAPILII*DYEIT,3) STNT472!
D2 = D2 + RBIINDRBB+NQAI*DY(I,2) STNT4731
09 420 J=2,Nd STNT4+74

D = YtI,Js,IENO STNT 475
03 DFLOCAT ()-1)

|

STNT4 TEL
D1 £1l + D*(D3-0)/D3 STNTAT7TL
D2 D2 + D*BLINDBB+J-2) STNT4+78

Y{1,1,1ST) = DL STNT4+7%
DYtI1,IST) = D2 STNTABJL

na

N

U|
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IF(ND.LE.2) CO TI 47% STNT481N
IF(TEQ.GT.1LI INDB3 = INERB + NG + IE - ? SINT4820

*STNT4B30

ITERATE THF CURREZETIR UP TXD THREE TIMES. ACCUVMULATE THE <SINT484U

CORRECTICN TERAS IN SAVFINLU#+I,1) FRR KEDOING THE ENTIRE *STNT4850

CORRECTER IF CENVERSANSE TS NIT ACHIEVED *-STNT486:

*STNT4870O

DI = CIINDCE)

DO 5IC I=1,N

SAVE(N1O+FI,1) = 0.02

DO 780 J=1,3

CALL DIFFUN (N, T, Y{ELl,1,IST), SAVTSINIPL,L))

NFE=NFE+l

IFLIWEVAL-1) 680, 52), 624

IND = IEQ

IFI(IEQ.EN.2Z) IND = 1

GO TO (elO, 539), MF

CALL DIFFUN (N, T-H*DOFLOATEL+IZSO-IND), Ytl,1,IND),

SAVEINLZ2P1,1]1))

NFE=SNFE#+|1

D = 0.DO

DO 540 I=1,N
= D + SAVE(INI2+1,1)**2

DAYS (N) #1 .D3FUROUND@DSORT(D)
= .NJE «1

_

|

eeea a aTe

DU 560 Jlzl
DI = SURTUR#YMAX(J))
UI = UMAXL(DI»D)

YJl = YtJlsl»IND)
Y(Ylsel»1ND) = Y(YJls»1l»1IND) + DI

a

CALL DIFFUN (N, T=H®DFLOAT(I+IEQ-IND)» Yll»1l»IND)»

SAVE(NIIPI»)))
nNFE = NFE + 1
DO 550 Izl

RytI+J0) = (SAVE (NI1*+1s1) - SAVE(NI2+I»1l))/DI
JC = JO + NO

Y({J1l,1,IND) = YyJl

CONTINUF

GO TO 6208

CALL PEDERV IN, T-H*DFLUÜATEÜI+IEQN-IND), YIl,1,IND), RJ, NO)

NIE=SNJE+L

D = Dl*r

DO 640 I=1,NSQ

RW{I) = RJLI)*D

Ji = 1

DO 660 I=1,N

RAW(JL) = 1.DY + RW(JLl)

Jl= Jl+NO +1

CALL DEC (N, ND, RW, TIPIV, TER)

NINVS=NINVSt+I1

IWEVAL = -IEQ

RCL=1.DO

PDOLD=PDIENG)

IFIIER.NE.C) GO TI 390

DO 70C I=1,N
SAVE(N9+I,1) = DY(t1,1IST) - H*SAVEINY9+I,]1)

CALL SOL IN, NO, RW, SAVEINYPL,1), IPIV

D2 0.0DO

J3
=

N9

mm ————

STNT4BB"

STNT4890

STNT490D

STNT4910

STNT49206

STNT493N

STNT494C

STNT495U

STNT496N

STNT49370

STNT4989

STNT499%

STNT5009

STNTSU1D

STNTSC2ND

STNT5030

STNT5U4N

STNT5550

STNT506N

STNT55370

STNT5N8O

STNTS5CYN

STNT5S1LECO

STNT5S110

STNT512J

STNT5139

STNTS1L4N

STNT515N

STNTS160

STNTS17%0

STNT5189

STNT5190

STNTSZOT

STNT5219

STNT522D

STNT5239

STNT5S24C

STNT525N

STNT5269

STNT527D

STNT5280

STNT5290

STNT53J)

STNT531D0

STNT5329

STNT5339

STNT5349

STNT535N

STNT5360

STINT5370

STNT538)9

STNT5399

STNTSANO

 



SAVE(J2,1) + SAVELJI3,])
Y(I,1,IST) + EIXSAVE(J3,]1)

= DY(tI,IST) - SAVc{J3,1)
= D2 + 1SAVELJ3B,I)I/YMAXLIII & «2

issNEbo13 CRATSE = DMAXLICRATEX9.D-1,02/D3)
a DETLEMIN]EL.DUO,2SIOALRATE).ÖT.BSIDI GO TC 7T7TO

(m
nI

NG

CIRRECTER Fi ) SUNVIRHRE IN THREE ITEPATICNS,F Tr.

IR 3ACOGN san Nas ASSyallaren DURING THIS EYC 09 5TEr-SiTE
REDUCED TU A/ DE H. NTFERWIST, JACOBIAN IS RETVALUATEN

TnDL = TCLN

IFtEIREVAL.EN.CI GI TO 905

IFiDASSCHOIELF» (IV CTJLIDFDABSCHMINI))) IFINQ-2) 4180, 4120,
RATIO = RATIC*DO.3D9

IRET =]

ISwl=Ö

iSsw2=1

IWEVAL m +27

En T9 3300

Do En Il: IN
o = SAVEINIOrL5,1)
Y = IIsl,ISTD - D1*D

DY(I,1ST) = DYIL,ISTI) + D

IWEVAL = +1
GO TO 500

CHRRECTER CONVERGZD. THE BACKWARD DIFFERFNCES OF CRDER

CNE THROUGH NQ AT THE NEW MESH POINT ARE COMPUTED

DO 98C I=1,N
DO S60 J=1,NQ

YUI,J+1,1ST) = Y(I,J,IST) - YII,„J+ TEN)

IFI(TIEQ.EQ.1) GO TO 980

THE (NQ+1)-ST BACKWARD DIFFERENCE FOR ALL BUT THE FIRST

MESH POINT IS ESTABLISHEC

SAVE{INS9+T,1) = YIIS,NGPL,ISTI -— YUI,NOPL,IEQ)
CONTINUE

IF (IEQ.EG.NEQ) 69 TOD 1015

IF (NO.LE.2)I GO TO 1010

IF (tIEQ.CGTel). OR „{INJ2EN.E6)) INDCC = INDCC + 1

IFITER.EQ.LI CO TO 1920

ERROR TEST FOR All BUT THE FIRST MESH POINT IS PERFERMED

D = 0,00

DO 1020 I=lN
D =D #+ {SAVEINI+TZJLI/YMAXKEIII «2

IFiD.GT.E)I GC TO 1030

CONTINUE

GC TO 1160

STNTS4I
STNTS4?

STNT543
STNT544

STNT545

STNTS4A

STNTS547

STNT543

STNTS49

SINT BEE
STNT5SI
STN’55?>

“STURZ?
ZSTyTSE,

+140 STNT560
STNT56]
STNTS562
STNTSE?3

SFNT564
71.1555

STNT5en

SINT567

STNT568

STNT569

STNT57O

STNT571

STNT572

*STINT573

=SITNT574

*STNT575

*STNTS76

STNT577

STNT578

STNT579

STNTS580

*STNTSBLl

=STNT582

»STNT583

*STNT584

STNT585

STNT586

STNT587

STNT588

STNT589

STNT59H

*«STNT5S91

»STNT592

*STNT59%

STNT5S4+

STNTS9Y95

STNT595

STNTS97

STNT595

STNT599

*STNTOÜ)
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‚x

THE ERRCR CRITERIIN WAS NOT MET

1030 IFAIL=IFAIL+N1

IFIIFAIL.GT.2) GC TO 1698:

IFIDABS(H).LE.IDABSCHAINIJ*L.HERHS1DI)) IFIND-2) 1146, 4120, 4140

IWEVAL = +2

IFOIFAIL.EQ.1) GO TC 1209

TDL=T

RATIC = RATIO*5.D-1

IRET = 1

ISW1=0

ISw2=1

GO TC 3000

START OVER WITH ORDER 1 METHOD

IFAIL = Ö

DO 1C90 I=1,N

Y{I,1,1) = SAVE(1,D)

T = TOLD

D=DMAXL(1.D-1,CABS(HMIN/H))

H = H*D

GO TC 3C

A NEW BLOCK OF SOLUTIGN POINTS HAS BEEN ACCEPTED

IWEVAL = OÖ

NSTEP = NSTEP + IEQ

KFLAG = -IEQ

RETURN

IWEVAL = Ö

E= ES

KFLAG NEQ

NSTEP NSTEP + KFLAG

HNEW=H

CHECK FOR CONTINVUATION WITH TH=Z SAME H AND NQ

IFtISW2.EQ.1) GO TO 1+20

IF(NQ.GT.3) ISWwl=1-ISwl

IFEISWL.EQ.1) GO TO 1429

NEW STEP-SIZE AND/UR ORDER SELECTION

RRSAME=1.2DO*FID/E)**ENGSAM

IFCIFAIL.NE.O) GC TO 138)

RMAX = 1.D-4

DF=DFLOAT(INEQ+NOM])

RRSAME=DMAXLEIRKSAME,RMAX)

RRUP = 1.D20

RRDOWN = 1.020

IF{NQ.GE.MAXORU) GO TI) 1249

D= 0.0900
|

DO 1220 I=1,N

DI = YII,„NGPL,NEQ) - YII»NEPL1,NEQ-]1)

D =D + (ISAVE(NY9+I,1) - DII/YMAXLIII **2
RRUP = 1.2DO* (D/EUP)*KENQUP

RMAX=Q/DF

RRUP=DMAXLIRRUF,RMAX)

*STNTENL)I

»STNT6:'2C

STNT6039

STNT 91:40
STNT605N

STNT6N6i)

STNTECTG
STNT6080

STNT6C9)

STNT61LI
STNT6LIO

STNT6120

STNT6130

*STNT61L40

*STNT6150

*STINT6169

STNT6L70O

STNT6ELBN

STNT6190

STNTE2OG

STNT6210

STNT6220

STNT623C

SSTNT624D

*STNT625U

*STNT6260

STNT6270

STNT6282

STNTA290

STNT6300

STNT#310

STNT6329

STNT633C

STNT6349

STNT635N

*STNT636)

*STNT6&6370

*STNT6380

STNTE390

STNT640)

STNT6410

#STNT6420

*STNT 6430

*S TNT644O

STNT 86450
STNTo46C

STNT&47O

STNTE480

STNT649%5

STNT65IO

STNT651OV

STNT6520

STNT6539

STNT6540

STNT6550

STNT656"

STNT65STC
STNT658N

STNTE59C

STNT6HIG

 



1240

1260

IF(NQ.EQ.1) GO TC 128)

D = 0.000

DO 1260 I=1,N

D =D + (YUI,NQPL,LI/YMAXLTII) x #2
RRDOWN = 1. 2D9F LD/EDOHN)*RrENGDWN
RMAX = 1.D-4

IFINQ.NE.2) RMAX=(Q-2.DVO)/DF

RRDOWN=DMAXL(RRKDUOMN,RMAX)
IF IRRSAME.GT.FRUP) IF (RRUP-RRDCWN) 1349, 139, 13CU0
IF (RRSAME.LFE.RRDOWN) GG TI 1320

NERQ = NCEMI

D=1.DO/RRDCWN

GO TO 1360

NEWQ = NG

D=1. DO/RRSAME

D=1.DO/RRUP

IF (0-1.1D0) 14209, 149%, 149C

RATIO=RATIOD/FRSAME

IRET = ]

ISw1=0

ISw2=]

GC TO 30I0

HNEW = H*D

NQ = NEWQ

DOG 1460 I=1,.N

D=YMAX{I)

DO 1446 J3=1,NFQ

D=DMAXLID,CABSI(Y(I,1,J3)))
YMAXUI)=D

HNEXT = HNEh

KNEXT = 3+NQ/5

RETURN

THIS SECTICN I5 USED WHEN STEP-SIZ= OR ORDER IS CHANGEN

DURING THE CYCLE. STARTING VALUES ARE RFTRIEVED FROM THE

SAVE ARRAY.

RATIC = DMAX] (CABSCHAIN/HOLD), EMINLIRATIO, 1.CCE))
T = TOLD

IF (RATIOC.LT.1.0800) IF CIDEL) 3939, 3030, 30180

DC 3020 I=1l,N -

DY(I,1l) = SAVE(9,1)
DI 3920 J=1,NQ

Y{l»J,1) = SAVE(YJ,D)

‚© TN (320,260), IRET

THE (NYST+1)-ST ORDER BACKWARD DIFFERENCE IS ESTABLISHED

IDEL = NOST+l

IF (INQST.LT.2) „OR. INQ.LT.2)) Ga TO 3089

CE = DFLOAT (NGST)

DO 3069 I=1,N

DI = SAVE(9,D)

DO 3040 J=2,NDOST
Dil = DI - SAVELJ,T)/DFLOATEJ-I)

SAVELICEL,I) = D*DL1

INTERPOLATE FOR NEW POINTS

STNT6&i

STNTe:

STNT6&:

STNT6&:

STNT6&:

STNT6:

STNT6

STNT6:

STNT6

STNT6

STNT6

STNT6

STNT6

STNT6'

STNT6&;

STNT6'

STNT6,

STNT6;

STNT6;

STNT6:

STNT6&L

STNT6!t

STNT6t

STNT6£

STNT6:
STNT6E

STNT 6:

STNT6t

STNT 6:

STNT6

STNT6°

STNT 6

STNT 6°

STNT6°

*STNT6°
*STNT6°
*“STNTBC

*STNT6%
*STNT6°

STNT7

STNTTA
STNTT

SINTTL

STNTT:

STNTT

SITNTT

SINTT

*STINT7‘
*»STNT7
*=STNT7]

STNTT.:

STNTT:

SITNTT

STNTT

STNTT

STNTT

STNTT

STNTT

»STNTT

*STNTT.
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.*
*STNT 7210

3080 DO 3140 I=1+N
STNT 722%

DY(I,1) = RATID®SAV-(5,D
| STNT 7230

IF (NQ.LT.2) GU TI 3140 SINT 7249

DI = 6.009 |

STNT725C

DO 3120 J=2,NQ |

STNT 7269

DI = DI + RATII STNT7270

D2 = 1.000
STNT 7280

D= 0.000
STNT 7290

DO 3100 J1=2,IDEL STNT7393

D2 = D2*IDFLOATLJL-2) - TLI/DFLIATLYI1-1) STNT7310

D= D + D2*SAVELJ1,D) STNT7320

Y{IsJ =D + SAVEIL,D) STNT7330

Y{I,1l,»1) = SAVELL,D
|

a E STNT 7340

H = HOLD*RATIC
-

-
STNT 7350

Ä =STNT 7360

FORM THE BACKWÄRD DIFFERENCES *STNT7370

*STINT 7380

IF (NQ.LT.2) GC TO 4940 STNT7390

NQM1 = NQ-1
| STNT74)0

DO 4020 1=1,N
STNT741D

DO 4020 J=1,NOM1
| STNT 742D

JO=J + 1
i STNT 7439

DO 4020 J1=J30,N9
| STNT 7440

32 = NQ-J1r)3+1
STNT 745"

Y{1,J2,1) = YtI1»J2-1,»1) - Yt1,J92,1) STNT 7460

GO TO 1320,260,180), IRET STNT 7470

|

*STNT 7480

CONVERGENCE OR ERROR PROBLEMS *STNT 7490

*STNT7590

NQ = 1

GO TO 4160

NQ = 2

IFAIL = 0

IRET = 2

IWEVAL = +2

GO TO 3000

KFLAG = -6

Jill = NQST + 1

DO 4190 I=1,N

DY(I,1) = SAVE(9,1)

DO A190 J=l,J1l

Y{LI»sJ» = SAVELJ,D)

H HOLD

T TOLD

JSTART = NOST

SINT7510

STNT 752)

STNT7539

STNT 7540

STNT 7559

STNT 7560

STNT 757C

STNT758N

STNT759C
STNT76IC

SINT7619

STNT 7620

STNT 7630

STNT7640
STNT 765C

SINT 76AN

RETUFN
SITNT7670

c
STNT 7680

CHAHKEEE ER Er 3 283ze 3 2 2 2.3 2 2 2 2 2 2244% 222 2 < 2 2 2 2.2.22esTNT 769Ü

c,
*SINT 7790

c*
-=-- END OF SURROUTINE STINT -—

*KSTNTTTIC

c*
*STINT772C

SsTNT 773C

(
| STNTTT&

END

|

STNT775L

 


